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Abstract. We investigate how the motive of hyper-Kähler varieties is controlled by weight-
2 (or surface-like) motives via tensor operations. In the first part, we study the Voevodsky
motive of singular moduli spaces of semistable sheaves on K3 and abelian surfaces as well as
the Chow motive of their crepant resolutions, when they exist. We show that these motives
are in the tensor subcategory generated by the motive of the surface, provided that a crepant
resolution exists. This extends a recent result of Bülles to the O’Grady-10 situation. In the
non-commutative setting, similar results are proved for the Chow motive of moduli spaces of
(semi-)stable objects of the K3 category of a cubic fourfold. As a consequence, we provide
abundant examples of hyper-Kähler varieties of O’Grady-10 deformation type satisfying the
standard conjectures. In the second part, we study the André motive of projective hyper-Kähler
varieties. We attach to any such variety its defect group, an algebraic group which acts on the
cohomology and measures the difference between the full motive and its weight-2 part. When
the second Betti number is not 3, we show that the defect group is a natural complement of the
Mumford–Tate group inside the motivic Galois group, and that it is deformation invariant. We
prove the triviality of this group for all known examples of projective hyper-Kähler varieties, so
that in each case the full motive is controlled by its weight-2 part. As applications, we show that
for any variety motivated by a product of known hyper-Kähler varieties, all Hodge and Tate
classes are motivated, the motivated Mumford–Tate conjecture 7.3 holds, and the André motive
is abelian. This last point completes a recent work of Soldatenkov and provides a different proof
for some of his results.
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1. Introduction

An important source of constructions of higher-dimensional algebraic varieties is given by taking
moduli spaces of (complexes of) coherent sheaves, subject to various stability conditions, on
some lower-dimensional algebraic varieties. The topological, geometric, algebraic and arithmetic
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conjecture.
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properties of the variety are certainly expected to be reflected in and sometimes even control
the corresponding properties of the moduli space. Such relations can be made precise in terms
of cohomology groups (enriched with Hodge structures and Galois actions for instance) or more
fundamentally, at the level of motives1. The prototype of such interplay we have in mind is
del Baño’s result [27], which says that the Chow motive of the moduli space Mr,d(C) of stable
vector bundles of coprime rank and degree on a smooth projective curve C is a direct summand
of the Chow motive of some power of the curve; in other words, the Chow motive of Mr,d(C) is
in the pseudo-abelian tensor subcategory generated by the Chow motive of C. In [27], a precise
formula for the virtual motive of Mr,d(C) in terms of the virtual motive of C was obtained, a
result which has been recently lifted to the level of motives in a greater generality by Hoskins
and Pepin-Lehalleur [39].

In the realm of compact hyper-Kähler varieties [12] [42], this philosophy plays an even more im-
portant role: it turns out that taking the moduli spaces of (complexes of) sheaves on Calabi–Yau
surfaces or their non-commutative analogues provides the most general and almost exhaustive
way for constructing examples, see [64] [68] [69] [72] [93] [10] [11] [9] and [8] etc. As the first
important relationship between the K3 or abelian surface S and a moduli space M := MS(v) of
stable (complexes of) sheaves on S with (non-isotropic) Mukai vector v, the second cohomology

of M is identified, as a Hodge lattice, with the orthogonal complement of v in !H(S,Z), the
Mukai lattice of S [70] [72]. Regarding the aforementioned result of del Baño in the curve case,
a relation between the motive of S and the motive of M is desired. The first breakthrough in
this direction is the following result of Bülles [18] based on the work of Markman [60].

Theorem 1.1 (Bülles). Let S be a projective K3 or abelian surface together with a Brauer class
α. Let M be a smooth and projective moduli space of stable objects in Db(S,α) with respect to
some Bridgeland stability condition. Then the Chow motive of M is contained in the pseudo-
abelian tensor subcategory generated by the Chow motive of S.

The analogous result on the level of Grothendieck motives or André motives was obtained before
by Arapura [6]. It is also worth pointing out that Bülles’ method gives a short and new proof
of del Baño’s result using the classical analogue of Markman’s result in the curve case proved
by Beauville [13].

1.1. Singular or open moduli spaces and resolutions. The first objective of the paper is
to investigate the situations beyond Theorem 1.1.

More precisely, let us fix a projective K3 or abelian surface S together with a Brauer class α, a
not necessarily primitive Mukai vector v and a not necessarily generic stability condition σ on
Db(S,α). We want to understand, in terms of the motive of S, the (mixed) motives [89] of the
following varieties (or algebraic spaces2).

• The (smooth but in general non-proper) moduli space of σ-stable objects

Mst := Mst
S,σ(v,α).

• The (proper but in general singular) moduli space of σ-semistable objects

M := MS,σ(v,α).

• A crepant resolution "M of M, if exists.

Here is our expectation for their motives:

Conjecture 1.2. Notation is as above.

1We work with rational coefficients for cohomology groups and motives. All varieties are defined over the field
of complex numbers if not otherwise specified.

2See the recent work [2] for the existence of good moduli spaces.



ON THE MOTIVE OF O’GRADY’S TEN-DIMENSIONAL HYPER-KÄHLER VARIETIES 3

(i) The motives and the motives with compact support (in the sense of Voevodsky) of Mst

and M are in the triangulated tensor subcategory generated by the motive of S within the
category of Voevodsky’s geometric motives.

(ii) The Chow motive of "M (if it exists) is in the pseudo-abelian tensor subcategory generated
by the motive of S within the category of Chow motives.

Our first main result below confirms Conjecture 1.2 in the presence of a crepant resolution.
Recall that by [45], this happens only in the case of O’Grady’s ten-dimensional example [68]
(extended by [72]).

Theorem 1.3 (=Corollaries 4.5 and 4.6). Let S be a projective K3 or abelian surface, let α be a

Brauer class, let v0 ∈ !H(S) be a primitive Mukai vector with v2
0 = 2, and let σ be a v0-generic

stability condition on Db(S,α). Denote by Mst (resp. M) the 10-dimensional moduli space of

σ-stable (resp. semistable) objects in Db(S,α) with Mukai vector v = 2v0. Let "M be any crepant
resolution of M. Then the conclusions of Conjecture 1.2 hold.

Note that by the result of Rieß [77], birational hyper-Kähler varieties have isomorphic Chow
motives, hence we only need to treat one preferred crepant resolution, namely the one constructed
by O’Grady [68].

Remark 1.4 (Hodge numbers of OG10). The Hodge numbers of hyper-Kähler varieties of OG10-
type are recently computed by de Cataldo–Rapagnetta–Saccà in [24] via the decomposition
theorem and a refinement of Ngô’s support theorem. A representation theoretic approach was
discovered shortly after by Green–Kim–Laza–Robles [35, Theorem 3.26], where the vanishing of
the odd cohomology is required to conclude. Note that Theorem 1.3 implies in particular the
triviality of the odd cohomology of hyper-Kähler varieties of OG10-type and hence allows [35]
to obtain an independent proof of [24, Theorem A]; see [35, Remark 3.30].

1.2. Non-commutative Calabi–Yau “surfaces”. We see in the above setting that the Calabi–
Yau surface plays its role almost entirely through its derived category and the second goal of
the paper is to extend Theorem 1.1 and the results of §1.1 to the non-commutative setting.

Indeed, it has been realized since [9] that one can develop an equally satisfactory theory of
moduli spaces starting with a 2-Calabi–Yau category A, i.e. an Ext-finite saturated triangulated
category in which the double shift [2] is a Serre functor, equipped with Bridgeland stability
conditions. Such a category often comes as an admissible subcategory of the derived category
of a Fano variety, as the “key” component (the so-called Kuznetsov component) in some semi-
orthogonal decomposition. We expect the similar relations as in §1.1 between the motive of the
moduli space of stable objects in this category A and the (non-commutative) motive of A, hence
also the motive of the Fano variety.

To be more precise, let us leave the general technical results to §5 and stick in the introduction
to the most studied example of such 2-Calabi–Yau categories, namely the Kuznetsov component
of the derived category of a cubic fourfold. Let Y be a smooth cubic fourfold and let Ku(Y ) :=
〈OY ,OY (1),OY (2)〉⊥ = {E ∈ Db(Y ) | Ext∗(OY (i), E) = 0 for i = 0, 1, 2} be its Kuznetsov

component, which is a K3 category.3 One can associate with it a natural Hodge lattice !H(Ku(Y ))
using topological K-theory [1]. In [9], a natural stability condition on Ku(Y ) is constructed and
by the general theory of Bridgeland [16], we have at our disposal a connected component of the

manifold of stability conditions, denoted by Stab†(Ku(Y )).

Our second main result generalizes Bülles’ Theorem 1.1 to this non-commutative setting:

Theorem 1.5 (Special case of Theorem 5.3). Let Y be a smooth cubic fourfold, let Ku(Y ) be its

Kuznetsov component, let v ∈ !H(Ku(Y )) be a primitive Mukai vector, and let σ ∈ Stab†(Ku(Y ))
be a v-generic stability condition. Then the Chow motive of the projective hyper-Kähler manifold

3A K3 category is a 2-Calabi–Yau category whose Hochschild homology coincides with that of a K3 surface.
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M := MKu(Y ),σ(v) is in the pseudo-abelian tensor subcategory generated by the Chow motive
of Y .

Remark 1.6. Note that by the recent work of Li–Pertusi–Zhao [53], the moduli spaces considered
in Theorem 1.5 already include the hyper-Kähler fourfold F (Y ) constructed as Fano variety of
lines in Y [14] and the hyper-Kähler eightfold Z(Y ) constructed from twisted cubics in Y (when
Y does not contain a plane) [51]. In the first case, the conclusion of Theorem 1.5 can be deduced
from the earlier work of Laterveer [50]; in the second case, our approach was speculated in [19,
Remark 2.7]. Nevertheless, Theorem 1.5 applies to the infinitely many complete families of
projective hyper-Kähler varieties recently constructed by Bayer et al. [8].

Just as in §1.1, for non-primitive Mukai vectors or non-generic stability conditions, the moduli
space of stable (resp. semistable) objects Mst := Mst

Ku(Y ),σ(v) (resp. M := MKu(Y ),σ(v)) is in

general not proper (resp. smooth). We expect the following analogy of Conjecture 1.2 in this
non-commutative setting.

Conjecture 1.7 (Special case of Conjecture 5.4). Notation is as above.

(i) The motives and the motives with compact support (in the sense of Voevodsky) of Mst

and M are in the triangulated tensor subcategory generated by the motive of Y within the
category of Voevodsky’s geometric motives.

(ii) If there exists a crepant resolution "M → M, then the Chow motive of "M is in the pseudo-
abelian tensor subcategory generated by the motive of Y within the category of Chow mo-
tives.

Analogously to Theorem 1.3, our third result establishes Conjecture 1.7 in the ten-dimensional
situation studied in [54], where a crepant resolution of M exists (it is again of O’Grady-10

deformation type). Recall that !H(Ku(Y )) contains (and it is equal to, if Y is very general) a
canonical A2-lattice generated by λ1 and λ2 (see [9] for the notation).

Theorem 1.8. Notation is as above. Assume that Y is very general. Let the Mukai vector
v = 2v0 with v0 = λ1+λ2 and let σ be v0-generic. Then the conclusions of Conjecture 1.7 hold

true for Mst, M and any crepant resolution "M of M.

As a by-product, we deduce Grothendieck’s standard conjectures [36] [46] for many hyper-Kähler
varieties of O’Grady-10 deformation type, cf. [20].

Corollary 1.9. The standard conjectures hold for all the crepant resolutions "M appeared in
Theorem 1.3 and Theorem 1.8.

Theorem 1.8 and Corollary 1.9 are proved in the end of §5.

1.3. Defect groups of hyper-Kähler varieties. It is easy to see that a general projective
deformation of (a crepant resolution of) a moduli space of semistable sheaves (or objects) on a
Calabi–Yau surface is no longer of this form (even by deforming the surface). If we still want to
understand the motive of such a hyper-Kähler variety X in terms of some tensor constructions of
a “surface-like” (or rather “weight-2”) motive, the right substitution of the surface motive would
be the degree-2 motive of X itself. We are therefore interested in the following meta-conjecture.

Meta-conjecture 1.10. Let X be a projective hyper-Kähler variety and fix some rigid tensor
category of motives. If the odd Betti numbers of X vanish, then its motive is in the tensor
subcategory generated by its degree-2 motive. In general, the motive of X lies in the tensor
subcategory generated by the Kuga–Satake construction of its degree-2 motive. In any case, the
motive of X is abelian.

We will see in Proposition 6.4 that the analogous statement holds at the level of Hodge structures.
This is essentially a consequence of Verbitsky’s results [85], related works are [47] and [81].
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Unfortunately, staying within the category of Chow motives (or Voevodsky motives), we are
confronted with several essential difficulties:

• As an immediate obstruction, to speak of the degree 2 motive, we have to admit the
algebraicity of the Künneth projector, which is part of the standard conjectures.

• Even in the case where the standard conjectures are known (for example [20]), the
construction of the degree 2 part of the Chow motive h(X), denoted by h2(X), is still
conjectural in general: assuming the cohomological Künneth projector is algebraic, there
is no canonical way to lift it to an algebraic cycle which is a projector modulo rational
equivalence (see Murre [67]); even when such a candidate construction is available (see
for example [79], [87] [34] in some special cases), it seems too difficult to relate h(X)
and h2(X) for a general X in the moduli space of hyper-Kähler varieties. Nevertheless,
let us point out that Bülles’ Theorem 1.1 and our extensions Theorems 1.3, 1.5 and 1.8
indeed give some evidence in this direction (see also Corollary 4.7).

• The algebraicity of the Kuga–Satake construction is wide open.

The third purpose of the paper is to make precise sense of the meta-conjecture 1.10. To circum-
vent the aforementioned difficulties we leave the category of Chow motives and work within the
category of André motives [4]. Essentially, this amounts to replacing rational equivalence by
homological equivalence and formally adding the cycles predicted by the standard conjectures;
the result is a semisimple abelian Q-linear tannakian category, see §2.3 for a quick introduction.
Through the tannakian formalism, most properties of an André motive M are encoded in its
motivic Galois group Gmot(M). Note that since the Hodge theoretic version of meta-conjecture
1.10 holds, its validity at the level of André motives is implied by Conjecture 2.3 which says
that all Hodge classes are motivated.

Our main contribution in this direction is about a Q-algebraic group, which we call the defect
group, associated with a projective hyper-Kähler variety. Let X be a projective hyper-Kähler
variety and let H(X) be its André motive. We have the Künneth decomposition H(X) =#

iHi(X). The even motive of X is by definition H+(X) =
#

iH2i(X). The even defect group
of X, denoted by P+(X), is defined as the kernel of the surjective morphism of motivic Galois
groups induced by the natural inclusion H2(X) ⊂ H+(X), namely,

P+(X) := Ker
$
Gmot(H+(X)) ↠ Gmot(H2(X))

%
.

By definition, P+(X) is trivial if and only if H+(X) belongs to the tannakian subcategory of
André motives generated by H2(X).

If all the odd Betti numbers of X vanish, then by convention the defect group of X, denoted
by P (X), is simply P+(X). Otherwise, the role of H2(X) is naturally taken by a Kuga–Satake
abelian variety A attached to this weight-2 motive, see Definition A.2; the reader may safely take
for A the abelian variety given by the classical Kuga–Satake construction [28]. The Kuga–Satake
category KS(X) := 〈H1(A)〉 is independent of the choice of A, see Theorem A.4; furthermore,
provided that b2(X) ∕= 3, we prove in Lemma 6.10 that the motive H1(A) belongs to the
tannakian subcategory of André motives generated by H(X). We define the defect group of X
as the kernel of the corresponding surjective morphism

P (X) := Ker
$
Gmot(H(X)) ↠ Gmot(H1(A))

%

of motivic Galois groups. The uniqueness of the Kuga–Satake category ensures that P (X) does
not depend on the choice of A; by definition, the defect group P (X) is trivial if and only if H(X)
belongs to the tannakian category KS(X).

Recall that the motivic Galois group of H(X) contains naturally the Mumford–Tate group
MT(H∗(X)). We show that the defect group is a canonical complement.

Theorem 1.11 (=Theorem 6.9, Splitting). Notation is as before. Assume that b2(X) ∕= 3.
Then, inside Gmot(H(X)), the subgroups P (X) and MT(H∗(X)) commute, intersect trivially
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with each other and generate the whole group. In short, we have an equality:

Gmot(H(X)) = MT(H∗(X))× P (X).

Similarly, the even defect group is a direct complement of the even Mumford–Tate group in the
motivic Galois group of the even André motive of X,

Gmot(H+(X)) = MT(H+(X))× P+(X).

It follows that MT(H+(X)) is canonically isomorphic to Gmot(H2(X)), and hence to MT(H2(X))
by André’s results [3] [4]. But this is the first step towards the proof of Theorem 1.11 (see Propo-
sition 6.4). Note that the natural morphism Gmot(H(X)) ↠ Gmot(H+(X)) preserves the direct
product decomposition given in the theorem, so that P+(X) is a quotient of P (X).

Theorem 1.11 can be seen as a structure result for the motivic Galois group. The proof is given
in §6.2. It admits the following consequence (proved in §6.3), which justifies the name of the
group P (X).

Corollary 1.12 (=Corollary 6.11). For any projective hyper-Kähler variety X with b2(X) ∕= 3,
the following conditions are equivalent:

(i+) The even defect group P+(X) is trivial.
(ii+) The even André motive H+(X) is in the tannakian subcategory generated by H2(X).
(iii+) H+(X) is abelian.
(iv+) Conjecture 2.3 holds for H+(X): MT(H+(X)) = Gmot(H+(X)).

Similarly, if some odd Betti number of X is not zero, we have the following equivalent conditions:

(i) The defect group P (X) is trivial.
(ii) The André motive H(X) is in the tannakian subcategory generated by H1(KS(X)), where

KS(X) is any Kuga–Satake abelian variety associated to H2(X).
(iii) H(X) is abelian.
(iv) Conjecture 2.3 holds for H(X): MT(H∗(X)) = Gmot(H(X)).

Thanks to Corollary 1.12, Conjecture 2.3 for hyper-Kähler varieties and the meta-conjecture
1.10 for their André motives are all equivalent to the following conjecture.

Conjecture 1.13. The defect group of any projective hyper-Kähler variety is trivial.

Remark 1.14 (Potential approaches). We are not able to prove Conjecture 1.13 in general so far,
but only for all the known examples of hyper-Kähler varieties (Corollary 1.16 below). However,

(i) we will show in Corollary 7.2 that Conjecture 1.13 is implied by the following conjecture:
an André motive is of Tate type if and only if its Hodge realization is of Tate type;

(ii) The defect group satisfies many constraints. For example, its action on the rational coho-
mology ring is compatible with the ring structure as well as the Looijenga–Lunts–Verbitsky
Lie algebra action [55] [85], and most importantly, it is a deformation invariant.

Theorem 1.15 (=Theorem 6.12, Deformation invariance of defect groups). Let S be a smooth
quasi-projective variety and X → S be a smooth proper morphism with fibers being projective
hyper-Kähler manifolds with b2 ∕= 3. Then for any s, s′ ∈ S, the defect groups P (Xs) and P (Xs′)
are canonically isomorphic, and similarly for the even defect groups.

1.4. Applications to “known” hyper-Kähler varieties. In the sequel, a hyper-Kähler vari-
ety is called known, if it is deformation equivalent to Hilbert schemes of K3 surfaces (K3[n]-type)
[12], generalized Kummer varieties associated to abelian surfaces (Kumn-type) [12], O’Grady’s 6-
dimensional examples (OG6-type) [69], or O’Grady’s 10-dimensional examples (OG10-type) [68].

First, we can prove Conjecture 1.13 for all known hyper-Kähler varieties.

Corollary 1.16. The defect group is trivial for all known hyper-Kähler varieties.
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Combining this with Corollary 1.12, we have the following consequences, providing evidences to
the meta-conjecture 1.10 in the world of André motives.

Corollary 1.17. Let X be a known projective hyper-Kähler variety. Then

(i) its André motive is abelian;
(ii) for any m ∈ N, all Hodge classes of H∗(Xm,Q) are motivated (hence absolutely Hodge);

(iii) if X is of K3[n], OG6, or OG10-type, then H(X) ∈ 〈H2(X)〉;
(iv) if X is of Kumn-type, then H(X) ∈ 〈H1(KS(X))〉 and H+(X) ∈ 〈H2(X)〉.

The item (i) on the abelianity of André motive is proved for K3[n]-type by Schlickewei [78], for
Kumn-type and OG6-type in the recent work of Soldatenkov [80].

Second, we can prove the Mumford–Tate conjecture for all known hyper-Kähler varieties defined
over a finitely generated field extension of Q; see §7.2 for the precise statement of the conjecture.
For varieties of K3[n]-type, it has been proven in [32]. In fact, what we obtain in the following
Theorem 1.18 is a stronger result in two aspects:

• we identify the Mumford–Tate group and the Zariski closure of the image of the Galois
representation via a third group, namely the motivic Galois group. This is the so-called
motivated Mumford–Tate conjecture 7.3;

• we can treat products. In general, it is far from obvious to deduce the Mumford–Tate
conjecture for a product of varieties from the conjecture for the factors. Thanks to the
work of Commelin [21] this can be done when the André motives of the varieties involved
are abelian.

Theorem 1.18 (Special case of Theorem 7.9). Let k be a finitely generated subfield of C.
For any smooth projective k-variety that is motivated 4 by a product of known hyper-Kähler
varieties, the motivated Mumford–Tate conjecture 7.3 holds. In particular, the Tate conjecture
and the Hodge conjecture are equivalent for such varieties.

Remark 1.19 (Relation to [80]). The combination of Corollary 1.12 and Theorem 1.15 (plus
the fact that two deformation equivalent hyper-Kähler varieties can be connected by algebraic
families) implies that the abelianity of the André motive of hyper-Kähler varieties is a deforma-
tion invariant property (Corollary 7.2(i)). When finalizing the paper, we discovered the recent
update of Soldatenkov’s preprint [80], where he also obtained this result, as well as Corollary
1.17(i), except for the O’Grady-10 case. We attribute the overlap to him. The proofs and points
of view are somewhat different: [80] makes a detailed study of the Kuga–Satake construction
in families, while our argument does not involve the Kuga–Satake construction when the odd
cohomology is trivial, but relies on André’s theorem [3] on the abelianity of H2. As a bonus of
emphasizing the usage of defect groups in our study, on the one hand, there seems to be some
promising approaches mentioned in Remark 1.14 to show the abelianity of the André motive of
hyper-Kähler varieties in general; on the other hand, even if Conjecture 1.13 (hence the abelian-
ity) turned out to fail for some deformation family of hyper-Kähler varieties, our method can
still control their André motives by its degree-2 part together with information on the André
motive of one given member in that family, see Corollary 7.2 (ii), (iii).

Convention: From §3 to §7.1, all varieties are defined over the field of complex numbers C
if not otherwise stated. We work exclusively with rational coefficients for cohomology groups
and Chow groups, as well as for the corresponding categories of motives. For simplicity, the
notation CHM (resp. DM, AM) stands for the category of rational Chow motives (resp. rational
geometric motives in the sense of Voevodsky, rational André motives) over a base field k, which
are usually denoted by CHM(k)Q (resp. DMgm(k)Q, AM(k)) in the literature.

4A smooth projective variety X is said to be motivated by another smooth projective variety Y if its André
motive H(X) belongs to 〈H(Y )〉, the tannakian subcategory of André motives generated by H(Y ); or equivalently,
H(X) is a direct summand of the André motive of a power of Y . Note that any non-zero divisor of Y gives rise
to a splitting injection Q(−1) → H(Y ), hence 〈H(Y )〉 is automatically stable by Tate twists.
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2. Generalities on motives

In this section, we recall various categories of motives that we will be using, gather some of their
basic properties, and explain some relations between them. Most of the content is standard and
well-documented, except Proposition 2.2 and results of §2.4 in the non-projective setting.

2.1. Chow motives. Let SmProjk be the category of smooth projective varieties over an arbi-
trary base field k. Let CHM be the category of Chow motives with rational coefficients, equipped
with the functor

h : SmProjopk → CHM .

We follow the notation and conventions of [5]. CHM is a pseudo-abelian rigid symmetric tensor
category, whose objects consist of triples (X, p, n), where X is a smooth projective variety of
dimension dX over the base field k, p ∈ CHdX (X ×k X) with p ◦ p = p, and n ∈ Z. Morphisms
f : M = (X, p, n) → N = (Y, q,m) are elements γ ∈ CHdX+m−n(X ×k Y ) such that γ ◦ p =
q ◦ γ = γ. The tensor product of two motives is defined in the obvious way by the fiber
product over the base field, while the dual of M = (X, p, n) is M∨ = (X, tp,−n + dX), where
tp denotes the transpose of p. The Chow motive of a smooth projective variety X is defined as
h(X) := (X,∆X , 0), where ∆X denotes the class of the diagonal inside X ×k X, and the unit
motive is denoted by 1 := h(Spec(k)). In particular, we have CHl(X) = Hom(1(−l), h(X)).
The Tate motive of weight −2i is the motive 1(i) := (Spec(k),∆Spec(k), i). A motive is said to
be of Tate type if it is isomorphic to a direct sum of Tate motives (of various weights).

Given a Chow motive M ∈ CHM, the pseudo-abelian tensor subcategory of CHM generated
by M is by definition the smallest full subcategory of CHM containing M that is stable under
isomorphisms, direct sums, direct summands, tensor products and duality. We denote this
subcategory by 〈M〉CHM; it is again a pseudo-abelian rigid tensor category. Note that if M =
h(X) is the motive of a smooth projective variety X, then any divisor on X gives rise to a
splitting injection 1(−1) → h(X); therefore when X has a non-zero divisor, 〈h(X)〉CHM contains
the Tate motives and hence it is also stable under Tate twists.

2.2. Mixed motives. Let Schk be the category of separated schemes of finite type over a perfect
base field k. Let DM be Voevodsky’s triangulated category of geometric motives over k with
rational coefficients [89]. There are two canonical functors

M : Schk → DM and Mc : (Schk, proper morphisms) → DM .

For any X ∈ Schk, M(X) is called its (mixed) motive and Mc(X) is called its motive with
compact support (or rather its Borel–Moore motive). There is a canonical comparison morphism
M(X) → Mc(X), which is an isomorphism if X is proper over k. The category DM is a rigid
tensor triangulated category, where the duality functor is determined by the so-called motivic
Poincaré duality, which says that for any connected smooth k-variety X of dimension d,

M(X)∨ ≃ Mc(X)(−d)[−2d]. (1)

The Chow groups are interpreted as the corresponding Borel–Moore theory. More precisely, if
X is an equi-dimensional quasi-projective k-variety, then for any i ∈ N,

CHi(X) = Hom(1(i)[2i],Mc(X)). (2)

An important property we will use is the localization distinguished triangle [89]: let Z be a
closed subscheme of X ∈ Schk, then there is a distinguished triangle in DM:

Mc(Z) → Mc(X) → Mc(X\Z) → Mc(Z)[1]. (3)
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Given a mixed motive M ∈ DM, the tensor triangulated subcategory of DM generated by M ,
denoted by 〈M〉DM is the smallest full subcategory of DM containing M that is stable under
isomorphisms, direct sums, tensor products, duality and cones (hence also shifts and direct
summands). By definition, 〈M〉DM is a pseudo-abelian rigid tensor triangulated category. Again
for a smooth projective variety X admitting a non-zero effective divisor, 〈M(X)〉DM contains
all Tate motives, and hence it is also stable by Tate twists.

By [89], there is a fully faithful tensor functor

CHMop −→ DM,

which sends the Chow motive h(X) of a smooth projective variety X to its mixed motive
M(X) ≃ Mc(X); for any i ∈ Z, the Tate object 1(−i) in CHM is sent to 1(i)[2i]. In this paper
we identify CHMop with its essential image in DM.

Question 2.1 (Elimination of cones). If a Chow motive can be obtained from another Chow
motive by performing tensor operations and cones in DM, can it be obtained already within
CHM by performing tensor operations therein?

The following observation gives a positive answer to this question.

Proposition 2.2. Notation is as before. Let M be a Chow motive. Then we have an equality
of subcategories of DM:

〈M〉CHM = 〈M〉DM ∩ CHM .

Proof. The argument is due to Wildeshaus [90, Proposition 1.2], which we reproduce here for
the convenience of the readers. This statement is also independently discovered by Hoskins–
Pepin-Lehalleur recently in [40]. In [15] Bondarko introduced the notion of weight structures
on triangulated categories and constructs a bounded non-degenerate weight structure w on DM
whose heart DMw=0 consists of the Chow motives CHMop. As 〈M〉DM is generated by the
subcategory 〈M〉CHM and the latter, being a subcategory of CHM, is negative in the sense of
[15, Definition 4.3.1], we can apply [15, Theorem 4.3.2 II] to conclude that there exists a unique
bounded weight structure v on 〈M〉DM whose heart 〈M〉v=0

DM is 〈M〉CHM. By shifting, we see that
for any n ∈ Z,

〈M〉v=n
DM ⊂ DMw=n . (4)

We claim that for any n, we have

〈M〉v!n
DM ⊂ DMw!n ∩〈M〉DM and 〈M〉v"n

DM ⊂ DMw"n ∩〈M〉DM. (5)

Indeed, it suffices to show the first inclusion in the case n = 0. Given any object N of 〈M〉v!0
DM , by

the boundedness of v, N can be obtained by a finite sequence of successive extensions of objects
of 〈M〉DM with non-negative v-weight, which have non-negative w-weight by (4). Therefore
N ∈ DMw!0, and the claim is proved.
Now we show that the inclusions in (5) are actually equalities. Given N ∈ DMw!0 ∩〈M〉DM, we

have Hom(N,N ′) = 0 for all N ′ ∈ 〈M〉v"−1
DM since, by the second inclusion in (5), N ′ ∈ DMw"−1.

Therefore N ∈ 〈M〉v!0
DM . The first equality is proved; the argument for the second one is similar.

As a consequence, 〈M〉CHM = 〈M〉v=0
DM = DMw=0 ∩〈M〉DM = CHM∩〈M〉DM. □

Obviously, the proof shows that the same result holds if we start with a subcategory of CHM
instead of just an object. The case of the subcategory of abelian motives is exactly [90, Propo-
sition 1.2], from which we borrowed the argument above.

Note that due to the abstract machinery of weight structures, the above proof does not give
a constructive way to eliminate the usage of cones if a Chow motive is explicitly expressed in
terms of a second one by tensor operations and cones.
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2.3. André motives. Let the base field k be a subfield of the field of complex numbers C.
Replacing the Chow group by the Q-vector space of algebraic cycles modulo homological equiv-
alence (here we use the rational singular homology group of the associated complex analytic
space) in the construction of Chow motives (§2.1) one obtains the category of Grothendieck
motives, denoted GRM, which comes with a canonical full functor CHM → GRM. The category
of Grothendieck motives is conjectured to be semisimple and abelian; Jannsen [44] showed that
it is the case if and only if numerical equivalence agrees with homological equivalence, which is
one of Grothendieck’s standard conjectures.

The standard conjectures being difficult, in [4] an unconditional theory was proposed by André,
refining Deligne’s category of absolute Hodge motives [30]. He replaced in the construction of
Grothendieck motives the group of algebraic cycles up to homological equivalence by the group of
motivated cycles, which are roughly speaking cohomology classes that can be obtained by using
algebraic cycles and the Hodge ∗-operator. The resulting category of André motives is denoted
by AM, and it is a semisimple abelian category. The canonical faithful functor GRM → AM is
an isomorphism if the standard conjectures hold true for all smooth projective varieties.

The virtue of AM is that it works well with the tannakian formalism. There are natural functors:

SmProjop
H−→ AM

r−→ HSpolQ
F−→ VectQ,

where H is the functor that associates to a variety its André motive, HSpolQ is the category of
polarizable rational Hodge structures, r is the Hodge realization functor, and F is the forgetful
functor. The composition of r ◦H is equal to the functor H attaching to a smooth projective
variety its rational cohomology group. It is easy to see that the functors r and F are conservative.

2.3.1. Mumford–Tate group and motivic Galois group. It is well-known that HSpolQ is a neutral
tannakian semisimple abelian category with fiber functor F . Given a polarizable rational Hodge

structure V , let 〈V 〉HS be the full tannakian subcategory of HSpolQ generated by V . The restriction
of F to this subcategory is again a fiber functor. The Mumford–Tate group of V , denoted by
MT(V ), is by definition the automorphism group of the tensor functor F |〈V 〉HS

and 〈V 〉HS is
equivalent to the category of representations of MT(V ). Note that as V is assumed to be
polarizable, MT(V ) is reductive. Mumford–Tate groups are known to be always connected. The
MT(V )-invariants in a tensor construction on V are precisely the Hodge classes of type (0,0).

In a similar fashion, AM is also neutral tannakian with fiber functor F ◦ r. Given an André
motive M ∈ AM, the tannakian subcategory 〈M〉AM is again neutral tannakian, with fiber
functor F ◦ r|〈M〉AM

; the tensor automorphism group of this functor is denoted by Gmot(M) and
called the motivic Galois group of M . The tannakian category 〈M〉AM is then equivalent to the
category of representations of this reductive group, and the Gmot(M)-invariants in any tensor
construction of r(M) are precisely the motivated classes.

2.3.2. Motivated vs. Hodge. Let k ⊂ C be in addition algebraically closed. For any M ∈ AM, as
all motivated cycles are Hodge classes, the tensor invariants of the motivic Galois group are all
tensor invariants of the Mumford–Tate group. Both groups being reductive, we have a canonical
inclusion MT(r(M)) ⊂ Gmot(M), by [30, Proposition 3.1]. The Hodge conjecture implies that
the converse should hold as well.

Conjecture 2.3 (Hodge classes are motivated). Let k be an algebraically closed subfield of C.
For any M ∈ AM, we have an equality of subgroups of GL

$
r(M)

%
:

MT
$
r(M)

%
= Gmot(M).

Since Mumford–Tate groups are connected, Conjecture 2.3 predicts in particular that Gmot(M)
should also be connected; already this statement is a difficult open problem.

The most significant evidence to this conjecture is André’s result in [4] saying that on abelian
varieties, all Hodge classes are motivated, strengthening the previous result of Deligne [30] on
absolute Hodge classes. Let us state the result in the following form:
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Theorem 2.4 ([4, Theorem 0.6.2]). Conjecture 2.3 holds for any abelian André motives. More
precisely, over an algebraically closed field k ⊂ C, for any M ∈ AMab, the rigid tensor subcate-
gory of AM generated by the motives of abelian varieties, we have MT

$
r(M)

%
= Gmot(M).

2.4. Relative André motives and monodromy: proper setting. Another remarkable
aspect of André motives is their behaviour under deformations. The results presented below
are essentially due to André (based on Deligne [29]) in the projective setting and formalized by
Moonen [62, §4]. We generalize these results to the proper setting. Let k be an uncountable
and algebraically closed subfield of C. The starting point is the following observation.

Lemma 2.5. The contra-variant functor H : SmProjk → AM extends naturally to the category
SmPropk of smooth proper varieties.

Proof. Let X be a smooth and proper (non-necessarily projective) algebraic variety defined over
k. Consider its Nori motive HNori(X) =

#
iHi

Nori(X). For each i ∈ N, Hi
Nori(X) carries a weight

filtration W•, inducing the weight filtration on its Hodge realization [41, Theorem 10.2.5]. In
particular,

r
$
GrWl Hi

Nori(X)
%
= GrWl H i(X).

However, the Hodge structure H i(X) is pure5, GrWl H i(X) is zero for all l ∕= 0. By the conser-

vativity of r, the Nori motive GrWl Hi
Nori(X) is also trivial for l ∕= 0. In other words, Hi

Nori(X)
is pure. We conclude by invoking Arapura’s theorem [7] which says that the category of pure
Nori motives is equivalent to the category of André motives. □

The following result generalizes André’s deformation principle for motivated cycles [4, Théorème
0.5] to the proper setting (but always with projective fibers). It has been obtained recently by
Soldatenkov [80, Proposition 5.1]. We include here an alternative proof with the point being
that André’s original proof actually works, when combined with Lemma 2.5.

Theorem 2.6 (André–Soldatenkov). Let S be a connected and reduced variety and let f : X → S
be a proper smooth morphism with projective fibers. Let ξ ∈ H0(S,R2if∗Q(i)), and assume that
there exists s0 ∈ S such that the restriction ξs0 ∈ H2i(Xs0 ,Q(i)) of ξ to the fibre over s0 is
motivated. Then, for all s ∈ S, the class ξs ∈ H2i(Xs,Q(i)) is motivated.

Proof. As in [4], we can assume that S is a smooth affine curve. Choose a smooth compacti-
fication X of the total space X and let js : Xs → X be the inclusion morphism for all s ∈ S.
The theorem of the fixed part [29, 4.1.1] ensures that the image of the morphism of Hodge
structures j∗s : H

2i(X ,Q(i)) → H2i(Xs,Q(i)) coincides with the subspace of monodromy in-
variants. André’s proof uses the morphism j∗s induced on André motives, and conclude that
the subspace of monodromy invariants at s ∈ S is a submotive which does not depend on the
chosen point. Now, in our case X is not necessarily projective, but still has a well-defined André
motive H(X ) =

#
iHi(X ) by Lemma 2.5, and j∗s is a morphism of André motives. Then we

can conclude via the same argument as in André [4]. □

The following definition extends slightly the usual notion of families of André motives.

Definition 2.7 (cf. [62, Definition 4.3.3]). Let S be a smooth connected quasi-projective variety.
An André motive (resp. generalized André motive) over S is a triple (X/S, e, n) with

• f : X → S a smooth projective (resp. proper) morphism with connected projective fibers,
• e a global section of R2d(f × f)∗QX×SX (d), where d is the relative dimension of f ,
• n an integer,

such that for some s ∈ S (or equivalently by Theorem 2.6, for any s ∈ S), the value e(s) ∈
H2d(Xs ×Xs,Q(d)) is a motivated projector.

5This can be easily seen in the following way: by Chow’s lemma, one can find a blow-up !X → X with !X
smooth and projective. Then by the projection formula, Hi(X) is a direct summand of the pure Hodge structure
Hi(X), hence is also pure.
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These objects, with morphisms defined in the usual way, form a tannakian semisimple abelian

category denoted by AM(S) (resp. &AM(S)). Obviously, a generalized André motive over a point
is nothing else but an André motive introduced before. There is a natural realization functor
from the category of generalized André motives over S to the tannakian category of algebraic
variations6 of Q-Hodge structures in the sense of Deligne [29, Definition 4.2.4]:

AM(S) ⊂ &AM(S)
r−→ VHSaQ(S) ⊂ VHSpolQ (S).

By construction, for any smooth proper morphism f : X → S with projective fibers and any
integer i, we have a generalized André motive Hi(X/S) whose realization is Rif∗Q ∈ VHSaQ(S).

Given a (generalized) André motive M/S ∈ &AM(S), we aim to study the variation of motivic
Galois groups Gmot(Ms) and Mumford–Tate groups MT(r(M)s) when s varies in S. Consider the
monodromy representation π1(S, s) → GL(r(M)s) associated to the local system underlying the
realization of M/S. The algebraic monodromy group at a point s ∈ S, denoted by Gmono(M/S)s,
is defined as the Zariski closure in GL(r(M)s) of the image of the monodromy representation.
It is not necessarily connected, but it becomes so after some finite étale cover of S; Deligne [29,
Theorem 4.2.6] proved that Gmono(M/S)0s is a semisimple Q-algebraic group. The variation of
these groups with s determines a local system of algebraic groups Gmono(M/S).

Theorem 2.8 (cf. [62, §4.3] ). Let S be as above and let M/S be a generalized André motive over
S. There exists two local systems of reductive algebraic groups MT(r(M)/S) and Gmot(M/S)
over S with the following properties:

(i) we have inclusions of local systems of algebraic groups:

Gmono(M/S)0 ⊂ MT(r(M)/S) ⊂ Gmot(M/S) ⊂ GL(r(M)/S);

(ii) for a very general (i.e., outside of a countable union of closed subvarieties of S) point
s ∈ S, we have MT(r(M)s) = MT(r(M)/S)s and Gmot(Ms) = Gmot(M/S)s;

(iii) for all s ∈ S, we have MT(r(M)s) ⊂ MT(r(M)/S)s and Gmot(Ms) ⊂ Gmot(M/S)s;
(iv) for all s ∈ S, we have

Gmono(M/S)0s ·MT(r(M)s) = MT(r(M)/S)s and Gmono(M/S)0s ·Gmot(Ms) = Gmot(M/S)s.

In particular, each of the inclusion in (iii) is an equality if and only if Gmono(M/S)0s is
contained respectively in MT(r(M)s) and Gmot(Ms).

The local system MT(r(M)/S) is called the generic Mumford–Tate group of r(M)/S, and
Gmot(M/S) is called the generic motivic Galois group of M/S.

Proof. There exists a non-empty Zariski open subset U ⊂ S such that the restriction of M/S to
U is an André motive over U . The desired conclusions hold for the restricted family over U by
Theorems 4.1.2, 4.1.3, 4.3.6, and 4.3.9 in Moonen’s survey [62]; hence, we get two local systems
of algebraic groups over U with the properties above. The fundamental group of S is a quotient
of that of U . Since (i) holds over U , we can extend the generic Mumford–Tate and motivic
Galois groups which we have over U to local systems MT(r(M)/S) and Gmot(M/S) over S.
We prove that these local systems satisfy the desired properties. Note that (i) and (ii) are
immediate since both conditions can be checked over U , where we already know they hold.
(iii). We only give the proof for the generic motivic Galois group; the argument for the generic
Mumford–Tate group is similar. Up to a base change of the family M/S by a finite étale cover
of S, we may assume that the algebraic monodromy group is connected. Let s0 ∈ S be any point
such that Gmono(M/S)s0 is contained in Gmot(Ms0); this is the case for a very general point, by
(i) and (ii). The monodromy group acts on Gmot(Ms0) by conjugation, and this defines a local
system of algebraic groups Gmot(Ms0/S) with fiber isomorphic to the motivic Galois group at
the point s0. Consider any tensor construction T/S = (M/S)⊗m ⊗ (M/S)∨,⊗n, and let ξs0 be

6A variation of Q-Hodge structures over S is called algebraic if the restriction to some non-empty Zariski open
subset U of S is a direct summand of a variation of the form Rif∗Q(j) for some smooth projective morphism
f : X → U and some integer j.
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the cohomology class of a motivated cycle in r(T )s0 . The class ξs0 is monodromy invariant, and
therefore it extends to a global section ξ of the local system underlying r(T )/S. By Theorem 2.6
the restriction ξs is motivated for any s ∈ S. By the reductivity of the groups involved, we deduce
that for any s ∈ S we have Gmot(Ms) ⊂ Gmot(Ms0/S)s, and we conclude by (ii) that the latter
must be equal to Gmot(M/S)s. This proves (iii) and that if Gmono(M/S)s ⊂ Gmot(Ms) then
Gmot(Ms) = Gmot(M/S)s.
(iv). By (i) and (iii), we clearly have Gmono(M/S)0s · Gmot(Ms) ⊂ Gmot(M/S)s. Since both
sides are reductive, we only need to compare their invariants on the tensor constructions T/S
on M/S as above. If ξs ∈ r(T )s is invariant for the action of Gmono(M/S)0s ·Gmot(Ms), then it
is the class of a motivated cycle which is monodromy invariant. By Theorem 2.6, it extends to a
global section ξ of r(T )/S such that ξs′ is motivated at any s′ ∈ S. It follows that ξs is invariant
for Gmot(M/S)s. The proof of the assertion regarding the Mumford–Tate group is similar. □

2.5. Relations. We summarize in the diagram below the natural functors relating the various
categories of motives we discussed above. For the sake of completeness, we inserted in the
diagram also Nori’s category of mixed motives MMNori, whose pure part is the abelian category
of André motives by Arapura’s result in [7], see also [41] for a recent account.

SmProjopk
! " !!

" #

""

h
##▲

▲▲
▲▲

▲▲
▲▲

▲▲
SmPropopk

H
##◆◆

◆◆◆
◆◆◆

◆◆◆
◆◆

$$❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲❲

❲❲❲❲

H∗

%%❨❨❨❨❨
❨❨❨❨❨❨

❨❨❨❨❨❨
❨❨❨❨❨❨

❨❨❨❨❨❨
❨❨❨❨❨❨

❨❨❨❨❨❨
❨❨

CHM !!
" #

""

AM r
!!

" #

""

HSpolQ F
!!

" #

""

VectQ

MMNori
r !! MHSQ

F !! VectQ

DMop C !! Db(MMNori)

⊕Hi

&&

r !! Db(MHSQ)
F !!

⊕Hi

&&

Db(VectQ)

⊕Hi

&&

Schopk

M

''%%%%%%%%%%%%

((❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

))❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡

**❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝❝

(6)

Here the comparison functor C is due to Harrer [38, Theorem 7.4.17].

3. Motives of the stable loci of moduli spaces

In this section, we generalize an argument of Bülles [18] to give a relationship between the motive
of the (in general quasi-projective) moduli space of stable sheaves on a K3 or abelian surface
and the motive of the surface.

Let S be a projective K3 surface or abelian surface. Denote by "NS(S) = H0(S,Z) ⊕ NS(S) ⊕
H4(S,Z) the algebraic Mukai lattice, equipped with the following Mukai pairing: for any v =

(r, l, s) and v′ = (r, l, s′) in "NS(S),
〈v,v′〉 := (l, l′)− rs′ − r′s ∈ Z.

Given a Brauer class α, a Mukai vector v ∈ "NS(S) with v2 # 0 and a Bridgeland stability
condition σ of the α-twisted derived category Db(S,α), let Mst be the moduli space of σ-stable
objects in Db(S,α) with Mukai vector v. By [64], Mst is a smooth quasi-projective holomorphic
symplectic variety of dimension 2m := v2+2. To understand the (mixed) motive of Mst, let us
first recall the following result of Markman, extended by Marian–Zhao.

Theorem 3.1 ([60] [59] [58]). Let E and F be two (twisted) universal families over Mst × S.
Then

∆Mst = c2m(− Ext !π13
(π∗

12(E),π∗
23(F))) ∈ CH2m(Mst ×Mst),
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where 2m is the dimension of Mst and Ext !π13
(π∗

12(E),π∗
23(F)) denotes the class of the complex

Rπ13,∗(π
∗
12(E)∨ ⊗L π∗

23(F)) in the Grothendieck group of Mst ×Mst, where πij’s are the natural
projections from Mst × S ×Mst.

Pointer to references. For the case of Gieseker-stable sheaves, [60, Theorem 1] states the result
for the cohomology class, but the proof gives the equality in Chow groups. Indeed, in [59,
Theorem 8], the statement is for Chow groups. Moreover, the assumption on the existence of a
universal family can be dropped ([59, Proposition 24]): it suffices to replace in the formula the
sheaves E and F by certain universal classes in the Grothendieck group K0(S×Mst) constructed
in [59, Definition 26]. More recently, it is shown in [58] that the technique of Markman can be
adapted to obtain the result in the full generality as stated. □

As a consequence, we can obtain the following analogue of [18, (3), p.6]

Proposition 3.2 (Decomposition of the diagonal). There exist finitely many integers ki and
cycles γi ∈ CHei(Mst × Ski), δi ∈ CHdi(Ski ×Mst), such that

∆Mst =
'

δi ◦ γi ∈ CH2m(Mst ×Mst),

here dimMst = 2m = ei + di − 2ki for all i.

Proof. We follow the proof of [18, Theorem 1]. First of all, we observe that by Lieberman’s
formula (see [5, §3.1.4] and [88, Lemma 3.3] for a proof), the following two-sided ideal of
CH∗(Mst × Mst) (with respect to the ring structure given by the composition of correspon-
dences)

I = 〈β ◦ α | α ∈ CH∗(Mst × Sk),β ∈ CH∗(Sk ×Mst), k ∈ N〉 ⊆ CH∗(Mst ×Mst)

is closed under the intersection product, hence is a Q-subalgebra of CH∗(Mst ×Mst). A com-
putation similar to [18, (2), p.6] using the Grothendieck–Riemann–Roch theorem shows that

ch(−[Ext !π13
(π∗

12(E),π∗
23(F))]) = −(π13)∗(π

∗
12α · π∗

23β)

where

α = ch(E∨) · π∗
2

(
td(S) and β = ch(F) · π∗

2

(
td(S).

It follows that chn(−[Ext !π13
(π∗

12(E),π∗
23(F))]) ∈ I for any n ∈ N. An induction argument then

shows that cn(−[Ext !π13
(π∗

12(E),π∗
23(F))]) ∈ I for each n ∈ N. In particular, combined with

Theorem 3.1, ∆Mst is in I, which is equivalent to the conclusion. □

In terms of mixed motives, one can reformulate Proposition 3.2 as follows.

Corollary 3.3 (Factorization of the comparison map). In the category DM of mixed motives,
the canonical comparison morphism M(Mst) → Mc(Mst) can be factorized as the following
composition:

M(Mst) →
)

i

M(Ski)(ei − 2ki)[2ei − 4ki] → Mc(Mst),

for finitely many integers ki’s and ei’s.

Proof. It is enough to remark that by (1) and (2), for any j ∈ Z, the space CHj(Mst × Ski) is
equal to the space

HomDM(M(Mst),M(Ski)(j − 2ki)[2j − 4ki])

as well as to the space

HomDM(M(Ski)(2m− j)[4m− 2j],Mc(Mst)).

□
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Remark 3.4 (Hodge realization). In Proposition 3.2, if one denotes γ = ⊕γi and δ = ⊕δi, then
we get the following morphisms of mixed Hodge structures.

H∗
c (Mst)

γ−→
)

i

H∗(Ski)(2ki − ei)
δ−→ H∗(Mst),

where the composition is precisely the comparison morphism from the compact support coho-
mology to the usual cohomology.

Remark 3.5 (Challenge for Kummer moduli spaces). In the case that S is an abelian surface,

the moduli space Mst is isotrivially fibered over S × *S (which is the Albanese fibration when
Mst is projective). We usually denote by Kst := Kst

S,H(v) its fiber. The analogue of Theorem

3.1 seems to be unknown for Kst.

4. Motive of O’Grady’s moduli spaces and their resolutions

In this section, we study the motive of O’Grady’s 10-dimensional hyper-Kähler varieties [68].
Those are symplectic resolutions of certain singular moduli spaces of sheaves on K3 or abelian
surfaces. We first recall the construction.

4.1. Symplectic resolution of the singular moduli space. Let S be a projective K3 surface
or abelian surface, let α be a Brauer class, and let v = 2v0 be a Mukai vector, such that

v0 ∈ "NS(S) is primitive with v2
0 = 2. Let σ be a v0-generic stability condition on the α-twisted

derived category Db(S,α) (for example, a v0-generic polarization). We write

Mst = MS,σ(v,α)
st

for the smooth and quasi-projective moduli space of σ-stable objects in Db(S,α) with Mukai
vector v, and

M = MS,σ(v,α)
ss

for the (singular) moduli space of σ-semistable objects with the same Mukai vector. In [68],

O’Grady constructed a symplectic resolution "M of M (see also [45]), which is a projective (irre-
ducible if S is a K3 surface) holomorphic symplectic manifold of dimension 10, not deformation
equivalent to the fifth Hilbert schemes of the surface S. We know that these hyper-Kähler
varieties are all deformation equivalent [72].

Let us briefly recall the geometry of M. We follow the notations in [68], see also [52] and [61,
§2]. The moduli space M admits a filtration

M ⊃ Σ ⊃ Ω

where
Σ = Sing(M) = M\Mst ∼= Sym2(MS,σ(v0,α))

is the singular locus of M, which consists of strictly σ-semistable objects; and

Ω = Sing(Σ) ∼= MS,σ(v0,α)

is the singular locus of Σ, hence the diagonal in Sym2(MS,σ(v0,α)). Notice that MS,σ(v0,α)
is a smooth projective holomorphic symplectic fourfold deformation equivalent to the Hilbert
squares of S.

In [68], O’Grady produced a symplectic resolution "M of M in three steps. As the explicit
geometry is used in the proof of our main result, we briefly recall his construction.

Step 1. We blow up M along Ω, resulting a space M with an exceptional divisor Ω. The only
singularity of M is an A1-singularity along the strict transform Σ of Σ. In fact, Σ is smooth,
satisfying

Σ ∼= Hilb2(MS,σ(v0,α)),

with the morphism Σ → Σ being the corresponding Hilbert-Chow morphism, whose exceptional
divisor is precisely the intersection of Ω and Σ in M.
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Step 2. We blow up M along Σ to obtain a (non-crepant) resolution +M of M. The exceptional

divisor *Σ is thus a P1-bundle over Σ. We denote by *Ω the strict transform of Ω. Then +M is a
smooth projective compactification of Mst, with boundary

∂ +M = +M\Mst = *Ω ∪ *Σ
being the union of two smooth hypersurfaces which intersect transversally.

Step 3. Lastly, an extremal contraction of +M contracts *Ω as a P2-bundle to !Ω, which is a
3-dimensional quadric bundle (more precisely, the relative Lagrangian Grassmannian fibration

associated to the tangent bundle) over Ω. The space obtained is denoted by "M, which is shown
to be a symplectic resolution of M.

Remark 4.1. By the main result of Lehn–Sorger [52], O’Grady’s symplectic resolution can also
be obtained by a single blow-up of M along its (reduced) singular locus Σ. The exceptional

divisor !Σ is nothing else but the image of *Σ under the contraction in the third step described

above, which is singular along !Ω, the preimage of Ω. If we blow up "M along !Ω, we will obtain

again +M, with the exceptional divisor being *Ω and the strict transform of !Σ being *Σ. In short,
the order of blow-ups can be “reversed”; see the following commutative diagram from [61, §2]:

Bl!Ω
"M = +M = BlΣM

++❦❦❦
❦❦❦

❦❦❦
❦❦❦

❦

,,❙❙
❙❙❙

❙❙❙
❙❙❙

❙❙❙

"M = BlΣM

,,❚❚
❚❚❚

❚❚❚
❚❚❚

❚❚❚
❚❚❚

❚
M = BlΩM

++❥❥❥
❥❥❥

❥❥❥
❥❥❥

❥❥❥
❥❥❥

M .

4.2. The motive of O’Grady’s resolution. We will compute the Chow motives of the bound-

ary components of +M, then describe the Chow motives of the resolutions +M and "M. We start
with the following observation.

Lemma 4.2. Let X be a smooth projective variety. The Chow motive h(Hilb2(X)) belongs to
〈h(X)〉CHM, the pseudo-abelian tensor subcategory of CHM generated by h(X).

Proof. We assume dimX = n. Let ∆X ⊆ X ×X be the diagonal, then by [57, §9], we have

h (Bl∆X
(X ×X)) = h(X2)⊕

$
⊕n−1

i=1 h(X)(−i)
%
.

Since Hilb2(X) = Bl∆X
(X ×X)/Z2, its motive is the Z2-invariant part

h(Hilb2(X)) = h (Bl∆X
(X ×X))Z2

which is a direct summand of h (Bl∆X
(X ×X)), hence is contained in the desired subcategory.

□
Lemma 4.3. The Chow motives h(*Σ), h(*Ω) and h(*Σ ∩ *Ω) are all contained in the subcategory
〈h(S)〉CHM.

Proof. By O’Grady’s construction, *Σ is a P1-bundle over Σ ∼= Hilb2(MS,σ(v0,α)). It follows
from [57, §7] that

h(*Σ) = h(Σ)⊕ h(Σ)(−1).

By [18, Theorem 0.1], h(MS,σ(v0,α)) is in the tensor subcategory of Chow motives generated

by h(S). It follows by Lemma 4.2 that h(Σ) is also in this subcategory, therefore so is h(*Σ).

Again by O’Grady’s construction, *Ω is a P2-bundle over !Ω. It follows that

h(*Ω) = h(!Ω)⊕ h(!Ω)(−1)⊕ h(!Ω)(−2).
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Moreover, since !Ω is a 3-dimensional quadric bundle over Ω, by [86, Remark 4.6], we have that

h(!Ω) = h(Ω)⊕ h(Ω)(−1)⊕ h(Ω)(−2)⊕ h(Ω)(−3).

Since Ω ∼= MS,σ(v0,α), it follows by [18, Theorem 0.1] that h(Ω) is in the thick tensor subcate-

gory of Chow motives generated by h(S), hence the same is true for h(!Ω) and h(*Ω).

Similarly, the intersection *Σ∩ *Ω is a smooth conic bundle over !Ω, again by [86, Remark 4.6], its

motive is in the tensor subcategory generated by that of !Ω. One concludes as for *Ω. □

Here comes the key step of the proof.

Proposition 4.4. The Chow motive h(+M) belongs to 〈h(S)〉CHM.

We give two proofs with the same starting point, namely Proposition 3.2. The difference is that
the first one is elementary by staying in the category of Chow motives and is geometric so that

in principle it gives rise to an explicit expression of the Chow motive h(+M) in terms of h(S); the
second one is quicker by using mixed motives and Proposition 2.2, but it is hopeless to deduce
any concrete relation between these two motives via this approach.

First proof of Proposition 4.4. By Proposition 3.2, we have

[∆Mst ] =
'

δi ◦ γi ∈ CH10(Mst ×Mst),

where γi ∈ CHei(Mst × Ski) and δi ∈ CHdi(Ski × Mst). Let *γi ∈ CHei(+M × Ski) and *δi ∈
CHdi(Ski × +M) be any closure of cycles representing γi and δi respectively. Then the support
of the class

∆"M −
'

*δi ◦ *γi ∈ CH10(+M× +M)

lies in the boundary (+M× ∂ +M) ∪ (∂ +M× +M), hence we can write in CH10(+M× +M)

∆"M =
'

*δi ◦ *γi + Y#Σ + Y#Ω + Z#Σ + Z#Ω (7)

for some algebraic cycles Y#Σ ∈ CH9(+M × *Σ), Y#Ω ∈ CH9(+M × *Ω), Z#Σ ∈ CH9(*Σ × +M) and

Z#Ω ∈ CH9(*Ω× +M).

For each i, the cycles *γi and *δi can be viewed as morphisms of motives

h(+M)
#γi−→ h(Ski)(ni)

#δi−→ h(+M)

for ni = ei − 2m = 2ki − di. On the other hand, we denote by j#Σ and j#Ω the closed embedding

of *Σ and *Ω in +M respectively. Then we have morphisms of motives

h(+M)
Y!Σ−→ h(*Σ)

(j!Σ)∗−→ h(+M),

h(+M)
Y!Ω−→ h(*Ω)

(j!Ω)∗−→ h(+M),

h(+M)
j∗!Σ−→ h(*Σ)(−1)

Z!Σ−→ h(+M),

h(+M)
j∗!Ω−→ h(*Ω)(−1)

Z!Ω−→ h(+M).

It follows by (7) that the sum of all the above compositions add up to the identity on h(+M).

Hence h(+M) is a direct summand of
,
⊕i h(S

ki)(ni)
-
⊕ h(*Σ)⊕ h(*Ω)⊕ h(*Σ)(−1)⊕ h(*Ω)(−1).

Combining this with Lemma 4.3, we finish the proof. □
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Second proof of Proposition 4.4. By a repeated use of the localization distinguished triangle (3),
we see that for a variety together with a locally closed stratification, if the motive with compact
support of each stratum is in some triangulated tensor subcategory of DM, then so is the motive
with compact support of the ambiant space; conversely, if the motive with compact support
of the ambiant scheme as well as those of all but one strata are in some triangulated tensor
subcategory of DM, then so is the motive with compact support of the remaining stratum.

Now from the geometry recalled in §4.1, we see that +M has a stratification with four strata Mst,
*Ω\*Σ, *Σ\*Ω, *Ω ∩ *Σ. By Lemma 4.3, Proposition 3.2 and the previous paragraph, the motives

with compact support of +M as well as those of its strata and their closures are in 〈M(S)〉DM.

Since +M is smooth and projective, its motive lies in the subcategory of Chow motives, hence in
〈h(S)〉CHM by Proposition 2.2. □
Corollary 4.5. The Chow motive h("M) is contained in 〈h(S)〉CHM.

Proof. Since +M is a blow-up of "M along a smooth center, it follows by [57, §9] that h("M) is a

direct summand of h(+M). Then the conclusion follows from Proposition 4.4 together with the
fact that 〈h(S)〉CHM is closed under direct summands. □
Corollary 4.6. The mixed motives M(Mst), Mc(Mst) and M(M) ≃ Mc(M) all belong to
〈M(S)〉DM, the triangulated tensor subcategory of DM generated by M(S).

Proof. Recall first that +M has a stratification with strata being Mst, *Ω ∩ *Σ, *Σ\*Ω and *Ω\*Σ.
By Lemma 4.3 and Proposition 4.4, together with a repeated use of the distinguished triangle
for motives with compact support ([89, P.195]) yields that the motives with compact support
of all strata as well as their closures are in 〈M(S)〉DM. This proves the claim for Mc(Mst) and
Mc(M). The remaining claim for M(Mst) follows from the motivic Poincaré duality (1). □
Corollary 4.7. There are infinitely many projective hyper-Kähler varieties of O’Grady-10 de-
formation type whose Chow motive is abelian.

Proof. By Corollary 4.5, it suffices to see that there are infinitely many projective K3 surfaces
with abelian Chow motives. To this end, we can take for example the Kummer K3 surfaces or
K3 surfaces with Picard number at least 19 by [71]. □
Remark 4.8 (Motives of Kummer moduli spaces). When S is an abelian surface, the previously

considered moduli spaces Mst, M, +M and "M are all isotrivally fibered over S × *S, via the

map E 3→ (c1(E), alb(c2(E))). Let us denote the corresponding fibers by Kst, K, *K, !K, called
Kummer moduli spaces of sheaves. Except for some special cases like generalized Kummer
varieties (see [34]), the analogy of Proposition 4.4, Corollary 4.5 and Corollary 4.6 are unknown
for those fibers in general. The missing ingredient is the analogy of Markman’s Theorem 3.1,
see Remark 3.5.

5. Moduli spaces of objects in 2-Calabi–Yau categories

As is alluded to in the introduction, many projective hyper-Kähler varieties are constructed as
moduli spaces of objects in some 2-Calabi–Yau categories, and it is natural to wonder how the
motive of the moduli space is related to the “motive” of this category, whatever it means7.

The most prominent case of 2-Calabi–Yau category is the K3 category constructed as the
Kuznetsov component of the derived category of a smooth cubic fourfold. However, given the
rapid development of the study of stability conditions for many other 2-Calabi–Yau categories,
we decided to treat them here in a broader generality. The prudent reader can stick to the cubic
fourfold case without missing the point.

7The motive of a differential graded category can certainly be made precise: it is the theory of non-commutative
motives, see Tabuada [82] for a recent account. However, we will take a more naive approach here, which gives
more precise information by keeping the Tate twists.
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Let Y be a smooth projective variety and A an admissible triangulated subcategory of Db(Y ),
the bounded derived category of coherent sheaves on Y . Assume that A is 2-Calabi–Yau, that
is, the Serre functor of A is the double shift [2].

Example 5.1. Here are some interesting examples we have in mind:

(i) Y is a K3 surface or abelian surface, and A = Db(Y ).
(ii) Y is a smooth cubic fourfold and A is the Kuznetsov component defined as the semi-

orthogonal complement of the exceptional collection 〈OY ,OY (1),OY (2)〉, see [48].
(iii) Y is a Gushel–Mukai variety [37] [65] [25] of even dimension n = 4 or 6, and A is the

Kuznetsov component defined as the semi-orthogonal complement of the exceptional col-
lection

〈OY , U
∨,OY (1), U

∨(1), · · · ,OY (n− 3), U∨(n− 3)〉,
where U is the rank-2 vector bundle associated to the Gushel map Y → Gr(2, 5) and OY (1)
is the pull-back of the Plücker polarization, see [49].

(iv) Y is a smooth hyperplane section of Gr(3, 10), called the Debarre–Voisin (Fano) variety
[26], and A is the semi-orthogonal complement of the exceptional collection

〈BY ,BY (1), · · · ,BY (8)〉,
where BY is the restriction of the exceptional collection B of length 12 in the rectangular
Lefschetz decomposition of Gr(3, 10) constructed by Fonarev [33], see [56, §3.3].

Assume that the manifold of stability conditions on A is non-empty, which is expected for all the
cases in Example 5.1 and is established and studied for K3 and abelian surfaces in [17] (see also
[92]), for the Kuznetsov component of cubic fourfolds by [9], and for the Kuznetsov component
of Gushel–Mukai fourfolds by [73]. We denote the distinguished connected component of the

stability manifold by Stab†(A).

As in [1], we can define a lattice structure on the topological K-theory of A, denoted by !H(A),

see [56, §3.4]. Now for any v ∈ !H(A), and σ ∈ Stab†(A), one can form Mst := MA,σ(v)
st

(resp.M := MA,σ(v)) the moduli space of σ-stable (resp. σ-semistable) objects in A with Mukai
vector v, which is a smooth quasi-projective holomorphic symplectic variety (resp. proper and
possibly singular symplectic variety).

One can now extend Theorem 3.1 and Proposition 3.2 to the non-commutative setting as follows.

Proposition 5.2. The notation and assumption are as above.

(i) Let E and F ∈ Db(Mst × Y ) be two universal families. Then

∆Mst = c2m(− Ext !π13
(π∗

12(E),π∗
23(F))) ∈ CH2m(Mst ×Mst),

where 2m is the dimension of Mst, Ext !π13
(π∗

12(E),π∗
23(F)) denotes the class of the complex

Rπ13,∗(π
∗
12(E)∨ ⊗L π∗

23(F)) in the Grothendieck group of Mst × Mst, where πij’s are the
natural projections from Mst × Y ×Mst.

(ii) There exist finitely many integers ki and cycles γi ∈ CH(Mst×Y ki), δi ∈ CH(Y ki ×Mst),
such that

∆Mst =
'

i

δi ◦ γi ∈ CH2m(Mst ×Mst).

Proof. The proof of (i) is similar to the proof of Markman’s theorem [60] or rather its extension
in [58]. Their proof only uses standard properties for stable objects and the Serre duality for
K3 surfaces, which both hold for A.
The proof of (ii) is exactly the same as in Proposition 3.2 (Bülles’ argument), by replacing S
by Y everywhere. □

We first consider the situation where the stability agrees with semi-stability. Then v must be
primitive and σ is v-generic. In this case, M is a smooth and projective hyper-Kähler variety,



20 SALVATORE FLOCCARI, LIE FU, AND ZIYU ZHANG

if it is not empty. Once we have the decomposition of the diagonal in Proposition 5.2 (ii), the
same proof as in [18] yields the following generalization of Theorem 1.1.

Theorem 5.3. Let Y be a smooth projective variety and let A be an admissible triangulated
subcategory of Db(Y ) such that A is 2-Calabi–Yau. Let v be a primitive element in the topological

K-theory of A and let σ ∈ Stab†(A) be a v-generic stability condition. If M := MA,σ(v) is
non-empty, then its Chow motive is in the pseudo-abelian tensor subcategory generated by the
Chow motive of Y .

As a non-commutative analogue of Conjecture 1.2, we formulate the following conjecture.

Conjecture 5.4. In the same situation as in Theorem 5.3, except that v is not necessarily
primitive and σ is not necessarily generic. If Mst := MA,σ(v)

st and M := MA,σ(v) are
non-empty, then their motives and motives with compact support are in the tensor triangulated

subcategory generated by the motive of Y . If moreover M admits a crepant resolution "M, then

the Chow motive of "M is in the pseudo-abelian tensor subcategory generated by the Chow motive
of Y .

For evidence for Conjecture 5.4, we restrict to the case where Y is a very general cubic fourfold
and A is its Kuznetsov component. Let λ1 and λ2 be the cohomological Mukai vectors of the
projections into A of OY (1) and OY (2) respectively. Then the topological K-theory of A is an
A2-lattice with basis {λ1,λ2}, equipped with a K3-type Hodge structure [1]. Then for a generic
stability condition σ (see [9]), there is an O’Grady-type crepant resolution of the singular moduli
space MA,σ(2λ1 + 2λ2), which is of O’Grady-10 deformation type, see [54]. Our result is that
Conjecture 5.4 holds true in this case. See Theorem 1.8 in the introduction for the precise
statement.

Proof of Theorem 1.8. The argument is more or less the same as in §4: the singular locus of
the moduli space of semistable objects M(2v0) is Sym2(M(v0)), whose singular locus is the
diagonal M(v0). By the same procedure of blow-ups as in §4.1, we get a smooth projective

variety +M together with a stratification such that the motive with compact support of all strata
belong to the tensor triangulated subcategory generated by the motive of M(v0), hence also to
the subcategory generated by h(Y ), by Theorem 5.3. The rest of the proof is the same as §4. □

Proof of Corollary 1.9. In the situation of Theorem 1.3 (resp. Theorem 1.8), "M is motivated
by the surface S (resp. the cubic fourfold Y ) in the sense of Arapura [6, Lemma 1.1]: indeed,
by applying the full functor CHM → GRM from the category of Chow motives to that of

Grothendieck motives, our main result implies that the Grothendieck motive of "M is in the
pseudo-abelian tensor subcategory generated by the Grothendieck motive of S (resp. Y ). Since
the Lefschetz standard conjecture is known for S and Y , we can invoke Arapura’s result [6,

Lemma 4.2] to obtain the standard conjectures for "M. □

6. Defect groups of hyper-Kähler varieties

In this section we study the André motives of projective hyper-Kähler varieties with b2 ∕= 3. For
any such X, we construct the defect group P (X), and prove Theorem 6.9 (=Theorem 1.11) and
Corollary 6.11 (=Corollary 1.12). In the next section we will apply these results to the known
examples of hyper-Kähler varieties.

The starting point and a main tool of our study is the following general theorem due to André.

Theorem 6.1 ([3]). Let X be a projective hyper-Kähler variety such that b2(X) ∕= 3. Then the
André motive H2(X) is abelian. In particular, Conjecture 2.3 holds for H2(X).

We review the Lie algebra action constructed by Looijenga–Lunts [55] and Verbitsky [85] on
cohomology groups of varieties, as well as its remarkable properties when applied to compact
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hyper-Kähler manifolds. This action is crucial for the proof of Theorem 6.9. To ease the notation,
the coefficient field Q in all cohomology groups is suppressed.

6.1. The Looijenga–Lunts–Verbitsky (LLV) Lie algebra. Let X be a 2m-dimensional
compact hyper-Kähler variety. A cohomology class x ∈ H2(X) is said to satisfy the Lefschetz

property if the maps given by cup-product Lj
x : H2m−j(X) → H2m+j(X) sending α to xj ∪ α,

are isomorphisms for all j # 0. The Lefschetz property for a class x in H2(X) is equivalent to
the existence of a sl2-triple (Lx, θ,Λx), where θ ∈ End

$
H∗(X)

%
is the degree-0 endomorphism

which acts as multiplication by k − 2m on Hk(X) for all k ∈ N. Moreover, in this case Λx is
uniquely determined by Lx and θ. Note that the first Chern class of an ample divisor on X has
the Lefschetz property by the hard Lefschetz theorem.

The LLV-Lie algebra of X, denoted by gLLV(X), is defined as the Lie subalgebra of gl(H∗(X))
generated by the sl2-triples (Lx, θ,Λx) as above for all cohomology classes x ∈ H2(X) satisfying
the Lefschetz property. It is shown in [55, §(1.9)] that gLLV(X) is a semisimple Q-Lie algebra,
evenly graded by the adjoint action of θ. The construction does not depend on the complex
structure; therefore, gLLV(X) is deformation invariant.

Let us denote by H the space H2(X) equipped with the Beauville–Bogomolov quadratic form

[12]. Let !H denote the orthogonal direct sum of H and a hyperbolic plane U = 〈v, w〉 equipped
with the form v2 = w2 = 0 and vw = −1. We summarize the main properties of the Lie
algebra gLLV(X).

Theorem 6.2 (Looijenga–Lunts–Verbitsky). (i) There is an isomorphism of Q-Lie algebras

gLLV(X) ∼= so( !H),

which maps θ ∈ gLLV(X) to the element of so( !H) which acts as multiplication by −2 on v,
by 2 on w, and by 0 on H. Hence, we have

gLLV(X) = g−2(X)⊕ g0(X)⊕ g2(X).

Moreover, g0(X) ∼= so(H)⊕Q·θ, is the centralizer of θ in gLLV(X). The abelian subalgebra
g2(X) is the linear span of the endomorphisms Lx, for x ∈ H2(X), and g−2(X) is the span
of the Λx, for all x ∈ H2(X) with the Lefschetz property.

(ii) The Lie subalgebra so(H) ⊂ g0(X) acts by derivations on the graded algebra H∗(X). The
induced action of so(H) on H2(X) is the standard representation.

(iii) Let ρ : so(H) → gl(H∗(X)) be the induced representation of so(H) ⊂ g0(X). Then the
Weil operator8 W is an element of ρ

$
so(H)

%
⊗R.

The above theorem is proved in [85], and in [55, Proposition 4.5], see also the appendix of [47].
These proofs are carried out with real coefficients, but immediately imply the result with rational

coefficients: since gLLV(X) is defined over Q, the equality gLLV(X) ⊗ R = so( !H) ⊗ R of Lie

subalgebras of gl( !H)⊗R implies that the same equality already holds with rational coefficients.

Remark 6.3 (Integration). Let ρ+ : so(H) → gl(H+(X)) be the induced representation on the
even cohomology. It follows from [84, Corollary 8.2] that ρ+ integrates to a faithful representation

!ρ+ : SO(H) →
.

i

GL
$
H2i(X)

%
,

such that the induced representation on H2(X) is the standard representation. If the odd
cohomology of X is non-trivial, ρ integrates to a faithful representation

!ρ : Spin(H) →
.

i

GL
$
H i(X)

%
,

and the kernel of the action of Spin(H) on the even cohomology is an order-2 subgroup 〈ι〉,
where ι is the non-trivial element in the kernel of the double cover Spin(H) → SO(H) and !ρ(ι)

8Here the Weil operator refers to the derivation of the usual Weil operator, which acts on Hp,q(X) as multi-
plication by ip−q. Hence, W acts on each Hp,q(X) as multiplication by i(p− q).
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acts on H i(X) via multiplication by (−1)i. Note also that the action induced by !ρ and !ρ+ is
via algebra automorphisms, thanks to Theorem 6.2(ii).

6.2. Splitting of the motivic Galois group. LetH(X) (resp.H+(X)) be the full (resp. even)
rational cohomology group of X equipped with Hodge structure. The natural inclusions of
H2(X) into H+(X) and H∗(X) induce surjective morphisms of Mumford–Tate groups

π+
2 : MT(H+(X)) → MT(H2(X));

π2 : MT(H∗(X)) → MT(H2(X)).

Let ι ∈ GL(H∗(X)) act on each H i(X) via the multiplication by (−1)i for all i.

Proposition 6.4. The notation is as above.

(i) The morphism π+
2 is an isomorphism. In particular, the Hodge structure H+(X) belongs

to the tensor subcategory of HSpolQ generated by H2(X).

(ii) If X has non-vanishing odd cohomology, the morphism π2 is an isogeny with kernel 〈ι〉 ≃
Z/2Z. Moreover, if A is any Kuga–Satake variety for H2(X) in the sense of Definition
A.2, we have 〈H∗(X)〉HS = 〈H1(A)〉HS.

The natural choice for A is the abelian variety obtained through the Kuga–Satake construction
on H2(X) equipped with the Beauville-Bogomolov form, see §A.1; let us remark that also the
construction of [47] yields a Kuga–Satake variety for H2(X) in our sense.

The proof of the proposition will be given after some preliminary results. Recall ([28]) that the
algebraic group CSpin(H) is the quotient of Gm × Spin(H) in which we identify the element
−1 ∈ Gm with the non-trivial central element ι of Spin(H). We introduce a representation

σ : CSpin(H) →
.

i

GL(H i(X))

by σ = w · !ρ, where !ρ : Spin(H) →
/

iGL(H i(X)) is the representation from Remark 6.3 and
w : Gm → GL(H i(X)) is the weight cocharacter, i.e. w(λ) acts on H i(X) as multiplication by
λi, for all i and all λ. This is a priori a representation of Gm × Spin(H), but it indeed factors
through CSpin(H) since by Remark 6.3 we have w(−1) = !ρ(ι). We also set

σ+ : CSpin(H) →
.

i

GL(H2i(X)) and

σ2 : CSpin(H) → GL(H2(X))

to be the induced representations on the even cohomology and on H2(X) respectively.

Lemma 6.5. (i) The homomorphism σ+ : CSpin(H) →
/

iGL(H2i(X)) is an isogeny of de-
gree 2 onto its image. The natural projection pr+2 :

/
iGL(H2i(X)) → GL(H2(X)) maps

the image of σ+ isomorphically onto the image of σ2.
(ii) If X has non-vanishing odd cohomology, the representation σ : CSpin(H) →

/
iGL(H i(X))

is faithful, and the projection pr2 :
/

iGL(H i(X)) → GL(H2(X)) induces a degree 2
isogeny between the image of σ and the image of σ2.

Proof. By Remark 6.3 and the explicit description of w, the kernels of σ+ and σ2 both coincide
with the central subgroup of order 2 generated by (−1, 1) = (1, ι). This proves part (i). If
X has non-vanishing odd cohomology, σ is faithful by Remark 6.3, and the second assertion
follows. □
Remark 6.6. Note that the twisted representation σ′ = w′ · !ρ where w′(λ) acts on H i(X) via
multiplication by λi−2m is the representation obtained via integration of g0 →

/
i gl(H

i(X)).

The point of introducing the above representation is that it controls the Mumford–Tate group.

Lemma 6.7. The Mumford–Tate group MT(H∗(X)) is contained in the image of σ.
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Proof. Let G = Im(σ). Since both MT(H∗(X)) and G are reductive, by [30, Proposition 3.1] it
suffices to check that for any tensor construction

T =
)

i

H∗(X)⊗mi ⊗
$
H∗(X)∨

%⊗ni ,

any element α of T that is invariant for G is also fixed by MT(H∗(X)). Let α ∈ T be such an
invariant for G. Then the image of α in T ⊗C is annihilated by all elements of ρ(so(H))⊗C.
By Theorem 6.2(iii), α is annihilated by the Weil operator W . Therefore α is of type (p, p) for
some integer p. However, since w(Gm) also acts trivially on α, we must have p = 0; hence α is
a Hodge class of type (0, 0) and is thus fixed by the Mumford–Tate group. □

Proof of Proposition 6.4. (i) Lemma 6.7 implies that MT(H+(X)) ⊂ Im(σ+). The morphism π+
2

is the restriction of the natural projection pr+2 :
/

iGL(H2i(X)) → GL(H2(X)). Lemma 6.5
implies in particular that the restriction of pr+2 to Im(σ+) is injective; hence its restriction to
the subgroup MT(H+(X)) is also injective, i.e. π+

2 is injective and hence it is an isomorphism.

(ii) Assume now that the odd cohomology of X is non-trivial. Since MT(H∗(X)) ⊂ Im(σ)
by Lemma 6.7, we deduce as above that the kernel of the morphism π2 : MT(H∗(X)) →
MT(H2(X)) is contained in the kernel of pr2 : Im(σ) → Im(σ2). By Lemma 6.5, this is an
order 2 central subgroup of Im(σ), generated by w(−1) = ι. Clearly w(−1) is contained in
MT(X), and it follows that π2 is an isogeny of degree 2 whose kernel is generated by ι.

Finally, let A be any Kuga–Satake abelian variety for H2(X), in the sense of Definition A.2.
Then 〈H1(A)〉HS is the unique tannakian subcategory such that 〈H2(X)〉HS = 〈H1(A)〉evHS ⊊
〈H1(A)〉HS, by Theorem A.4. Therefore it is enough to show that 〈H∗(X)〉HS also satisfies this
property. Consider the commutative diagram

MT(H∗(X)) MT(H2(X))

MT(〈H∗(X)〉evHS).

πev

π2

πev
2

We have just proven that π2 is an isogeny of degree 2, and we know that the morphism πev

is also an isogeny of degree 2, see §A.2; we conclude that πev
2 is an isomorphism and hence

〈H∗(X)〉evHS = 〈H2(X)〉HS. □

The following observation will be used in the proof of Theorem 6.9.

Lemma 6.8. Let G be a group acting on H∗(X) via graded algebra automorphisms. If G acts
trivially on H2(X), then the G-action commutes with the action of the LLV Lie algebra (§6.1).

Proof. Let g ∈ G. By assumption, g commutes with θ and Lx, for any x ∈ H2(X). Moreover, if x
has the Lefschetz property, then g commutes with Λx as well: indeed, Lx = gLxg

−1, θ = gθg−1

and gΛxg
−1 form an sl2-triple, and since Λx is uniquely determined by the elements Lx and

θ, we must have gΛxg
−1 = Λx. One can conclude since the various operators Lx and Λx, for

x ∈ H2(X), generate the Lie algebra gLLV(X). □

We now turn to the proof of the main result of this section.

Theorem 6.9 (Splitting). Let X be a projective hyper-Kähler variety with b2(X) ∕= 3. Then,
inside Gmot(H(X)), the subgroups P (X) and MT(H∗(X)) commute, intersect trivially with each
other and generate the whole group. In short, we have an equality:

Gmot(H(X)) = MT(H∗(X))× P (X).

Similarly, the even defect group is a direct complement of the even Mumford–Tate group in the
motivic Galois group of the even André motive of X,

Gmot(H+(X)) = MT(H+(X))× P+(X).
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Proof. We first treat the even motive. We have a commutative diagram

Gmot(H+(X)) Gmot(H2(X))

MT(H+(X)) MT(H2(X))

π+
2,mot

i+ i2

π+
2

Here, i+ and i2 denote the natural inclusions; π
+
2 and i2 are isomorphisms due to Proposition 6.4

and Theorem 6.1 respectively. It follows that we have a section s = i+ ◦ (i2 ◦ π+
2 )

−1 of π+
2,mot,

whose image is MT(H+(X)).

Recall that P+(X) is defined as the kernel of the map π+
2,mot. We deduce that Gmot(H+(X)) is

the semidirect product of its subgroups P+(X) and MT(H+(X)), which intersect trivially. In
order to show that Gmot(H+(X)) = MT(H+(X))×P+(X), it thus suffices to show that P+(X)
and MT(H+(X)) commute. By Lemma 6.7, it suffices to show that P+(X) commutes with the
image of the representation σ+. Since P+(X) preserves the grading on H+(X), its action clearly
commutes with the weight cocharacter w. Note that every element of Gmot(H+(X)) acts via
algebra automorphisms, since the cup-product is given by an algebraic correspondence (namely,
the small diagonal in X ×X ×X). Moreover, if p ∈ P+(X), then by definition p acts trivially
on H2(X); hence, its action commutes with that of the LLV-Lie algebra thanks to Lemma 6.8.
It follows that P+(X) commutes with the image of the representation !ρ+, and therefore P+(X)
commutes with σ+ as desired.

Assume now that the odd cohomology of X does not vanish, and choose a Kuga-Satake variety A
for H2(X), see Appendix A. By Lemma 6.10 below, the motive H1(A) belongs to 〈H(X)〉AM.
We consider the commutative diagram

Gmot(H(X)) Gmot(H1(A))

MT(H∗(X)) MT(H1(A))

πA,mot

i iA

πA

The morphisms πA and iA are isomorphisms by Proposition 6.4(ii) and Theorem 2.4 respectively.
Note that by Theorem A.4, the kernel P (X) of πA,mot does not depend on the choice of the
Kuga–Satake abelian variety A; this group is by definition the defect group of X. As above, we
deduce the existence of a section of πA,mot with image MT(H∗(X)), and to conclude we need to
show that P (X) and MT(H∗(X)) commute. To this end, we consider the commutative diagram
with exact rows

1 P (X) Gmot(H(X)) Gmot(H1(A)) 1

1 Q(X) Gmot(H(X)) Gmot(H2(X)) 1

πA,mot

=

π2,mot

The group Q(X) commutes with the action of gLLV, by Lemma 6.8, and it therefore commutes
with the Mumford–Tate group, thanks to Lemma 6.7. Since P (X) is a subgroup of Q(X), it
also commutes with MT(H∗(X)), and we have Gmot(H(X)) = P (X)×MT(H∗(X)). Also note
that we have Q(X) ∩MT(H∗(X)) = 〈ι〉, and that Q(X) = P (X)× 〈ι〉. □

In the previous proof, we have used the following result. See Appendix A for the notation.

Lemma 6.10. Assume that the odd cohomology of X does not vanish and b2(X) ∕= 3. Let A
be any Kuga–Satake variety (Definition A.2) for the Hodge structure H2(X). Then H1(A) ∈
〈H(X)〉AM.

Proof. Note that since H2(X) is an abelian motive by André’s Theorem 6.1, any Kuga-Satake
variety A for H2(X) satisfies 〈H1(A)〉ev = 〈H2(X)〉, see Corollary A.6. Choose any such A,
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and consider the André motive H(X) ⊕ H1(A). The inclusions of the summands H(X) and
H1(A) determine surjective homomorphisms q : Gmot(H(X) ⊕ H1(A)) → Gmot(H(X)), and
qA : Gmot(H(X)⊕H1(A)) → Gmot(H1(A)). The desired conclusion is equivalent to the inclusion
ker(q) ⊂ ker(qA). In fact, this precisely means that the tannakian category generated by H1(A)
is contained in 〈H(X)〉, which then implies that q is an isomorphism. We consider the analogous
morphisms for the even parts

qev : Gmot

$
〈H(X)⊕H1(A)〉ev

%
→ Gmot

$
〈H(X)〉ev

%
,

qevA : Gmot

$
〈H(X)⊕H1(A)〉ev

%
→ Gmot

$
〈H1(A)〉ev

%
.

The conclusion of Lemma A.5 holds for André motives as well. Therefore, the preimage
of ker(qev) (respectively, of ker(qevA )) under the morphism Gmot(H(X)⊕H1(A)) → Gmot(〈H(X)⊕
H1(A)〉ev) equals 〈ι〉×ker(q) (respectively, 〈ι〉×ker(qA)), and it suffices to show that ker(qev) ⊂
ker(qevA ). To this end, consider the commutative diagram with short exact rows

1 ker(qevA ) Gmot(〈H(X)⊕H1(A)〉ev) Gmot(〈H1(A)〉ev) 1

1 K Gmot(〈H(X)〉ev) Gmot(H2(X)) 1

j

qevA

qev ∼=
πev
2,mot

The rightmost vertical map is an isomorphism by assumption. The snake lemma now yields
that ker(j) = ker(qev), which shows that ker(qev) ⊂ ker(qevA ). □

6.3. What does the defect group measure? With the structure result of the motivic Galois
group being proved in Theorem 6.9, we can deduce that the defect group indeed grasps the
essential difficulty of meta-conjecture 1.10 for André motives.

Corollary 6.11. For any projective hyper-Kähler variety X with b2(X) ∕= 3, the following
conditions are equivalent:

(i+) The even defect group P+(X) is trivial.
(ii+) The even André motive H+(X) is in the tannakian subcategory generated by H2(X).
(iii+) H+(X) is abelian.
(iv+) Conjecture 2.3 holds for H+(X): MT(H+(X)) = Gmot(H+(X)).

Similarly, if some odd Betti number of X is not zero, we have the following equivalent conditions:

(i) The defect group P (X) is trivial.
(ii) The André motive H(X) is in the tannakian subcategory generated by H1(KS(X)), where

KS(X) is any Kuga–Satake abelian variety associated to H2(X).
(iii) H(X) is abelian.
(iv) Conjecture 2.3 holds for H(X): MT(H∗(X)) = Gmot(H(X)).

Proof. We first treat the even motive. It follows immediately from Theorem 6.9 that (i+) and
(iv+) are equivalent.
(i+) implies (ii+): By the definition of P+(X), if it is trivial, then the natural surjection
Gmot(H+(X)) → Gmot(H2(X)) is an isomorphism. Then (ii+) follows from the Tannaka duality.
The implication from (ii+) to (iii+) follows from the fact thatH2(X) is abelian, which is André’s
Theorem 6.1.
Finally, (iii+) implies (iv+) thanks to André’s Theorem 2.4.

In the presence of non-vanishing odd Betti numbers, the proof is similar to the even case: the
equivalence of (i) and (iv) is immediate from Theorem 6.9. (ii) obviously implies (iii); (iii)
implies (iv) by André’s Theorem 2.4. Finally, let us show that (i) implies (ii): if P (X) is trivial
then Gmot(H(X)) → Gmot(H1(A)) is an isomorphism, where A is any Kuga–Satake variety for
H2(X) in the sense of Definition A.2. Therefore, H(X) is in 〈H1(A)〉AM by Tannaka duality. □
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6.4. Deformation invariance. We have seen in the above proof that the action of the defect
group commutes with the LLV-Lie algebra. We prove now that defect groups are deformation
invariant in algebraic families. The relevant notation and results are recalled in §2.4. Let
f : X → S be a smooth and proper family over a non-singular quasi-projective variety S such
that all fibres Xs are projective hyper-Kähler varieties with b2 ∕= 3. We have naturally the
following generalized André motives over S (Definition 2.7): H(X/S), Hi(X/S) and H+(X/S).
Up to replacing S by an étale cover, we can assume that the algebraic monodromy group
Gmono(H(X/S)) is connected.

Theorem 6.12 (Deformation invariance of defect groups). Let S be a smooth quasi-projective
variety and X → S be a smooth proper morphism with fibers being projective hyper-Kähler man-
ifolds with b2 ∕= 3. Then for any s, s′ ∈ S, the defect groups P (Xs) and P (Xs′) are canonically
isomorphic, and similarly for the even defect groups.

Proof. We prove first the invariance of the even defect group. For any point s ∈ S, we have
Gmot(H+(Xs)) = MT(H+(Xs)) × P+(Xs) by Theorem 6.9. Let s0 ∈ S be a very general
point. By Theorem 2.8 (i) and (ii), we have Gmono(H+(X/S))s0 ⊂ MT(H+(Xs0)). Hence,
the monodromy acts trivially on P+(Xs0), which therefore extends to a constant local system
P+(X/S) such that we have a splitting

Gmot(H+(X/S)) = MT(H+(X/S))× P+(X/S)

of local systems of algebraic groups over S. The local system P+(X/S) is identified with the
kernel of the natural morphism of generic motivic Galois groups

Gmot(H+(X/S)) ↠ Gmot(H2(X/S)).

For any s ∈ S we have the inclusion of Gmot(H+(Xs)) into Gmot(H+(X/S))s, which restricts to
the inclusions MT(H+(Xs)) ↩→ MT(H+(X/S))s and P+(Xs) ↩→ P+(X/S)s.

It is enough to show that, for all s ∈ S, the equality P+(Xs) = P+(X/S)s holds.
By Theorem 2.8(iv), we have

Gmono(H+(X/S))s ·Gmot(H+(Xs)) = Gmot(H+(X/S))s.

But we know that Gmono(H+(X/S))s is contained in

{1}×MT(H+(X/S))s ⊂ P+(X/S)s ×MT(H+(X/S))s = Gmot(H+(X/S))s,

and therefore we have

Gmono(H+(X/S))s ·Gmot(H+(Xs)) =

= Gmono(H+(X/S))s ·
$
P+(Xs)×MT+(Xs)

%

= P+(Xs)×
$
Gmono(H+(X/S))s ·MT+(Xs)

%
,

which forces P+(Xs) = P+(X/S)s.

In presence of non-vanishing Betti numbers in odd degree, the proof is similar. Again, choosing
a very general point s0 ∈ S, we obtain a local system P (X/S) with fiber P (Xs0) such that

Gmot(H(X/S)) = MT(H∗(X/S))× P (X/S).

The Kuga-Satake construction can be performed in families, see [28], to obtain a smooth proper
family A → S such that As is a Kuga-Satake variety for H2(Xs) in the sense of Definition A.2,
for all s. Thanks to Lemma 6.10 we have a natural morphism of generic motivic Galois groups

Gmot(H(X/S)) ↠ Gmot(H1(A/S))

which does not depend on any choice involved in the construction of A; the local system P (X/S)
is identified with the kernel of the morphism above.

It follows that for any s ∈ S the inclusion Gmot(H(Xs)) ↩→ Gmot(H(X/S))s restricts to inclusions
MT(H∗(Xs)) ↩→ MT(H∗(X/S))s and P (Xs) ↩→ P (X/S)s. Now we conclude via the same
argument given for the even case. □
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7. Applications

7.1. André motives of hyper-Kähler varieties. As we have seen in Theorem 6.12, the
defect group does not change along smooth proper algebraic families. In fact, the defect group
is invariant in the whole deformation class.

Corollary 7.1. Let X and X ′ be two deformation equivalent projective hyper-Kähler varieties
with b2 ∕= 3. Then their defect groups are isomorphic: P+(X) ∼= P+(X ′) and P (X) ∼= P (X ′).

Proof. Pick two deformation equivalent projective hyper-Kähler varieties X and X ′ with b2 ∕= 3.
It has been shown by Soldatenkov ([80, §6.2]) that there exists finitely many smooth proper
algebraic families fi : Y

i → Si, i = 0, 1, . . . , k over smooth quasi-projective curves Si and points
ai, bi ∈ Si together with isomorphisms

X ∼= Y 0
a0 , Y i

bi
∼= Y i+1

ai+1
, for i = 1, 2, . . . , k − 1, and Y k

bk
∼= X ′.

We therefore find a chain of smooth proper families with projective fibers connecting X and X ′.
The conclusion now follows via an iterated application of Theorem 6.12. □
Corollary 7.2. Fix a deformation class of compact hyper-Kähler manifolds with b2 ∕= 3.

(i) (Soldatenkov [80]) If one projective hyper-Kähler variety in the deformation class has
abelian André motive, then so does any other projective member in this class.

(ii) There exists an André motive D+ depending only on the deformation class, with Hodge
realization being of Tate type, and such that for any projective hyper-Kähler variety X in
this deformation class we have

〈H+(X)〉AM = 〈H2(X),D+〉AM.

(iii) Similarly, if some odd Betti number is non-zero in the chosen deformation class, there
exists an André motive D depending only on the deformation class, with Hodge realization
being of Tate type, and such that for any projective X in the chosen deformation class we
have

〈H(X)〉AM = 〈H1(KS(X)),D〉AM ,

where KS(X) is any Kuga–Satake variety for H2(X) (Definition A.2).

Proof. (i) follows from the combination of Corollary 6.11 and Corollary 7.1.
(ii). This follows via a reinterpretation of Theorem 6.9 in terms of a defect motive. Recall that
we have Gmot(H+(X)) = MT(H+(X))×P+(X). The category Rep(P+(X)) can be seen as the
subcategory of 〈H+(X)〉AM on which MT(H+(X)) acts trivially, i.e., it consists of the motives in
〈H+(X)〉 whose realization is of Tate type. By [30, Proposition 3.1], the category Rep(P+(X))
is generated as a tannakian category by any faithful representation of P+(X); choosing one such
representation determines a motive D+(X) ∈ 〈H+(X)〉, such that inside AM,

〈H+(X)〉 = 〈D+(X),H2(X)〉.
Let now X → S be a smooth proper family with fibres projective hyper-Kähler varieties
with b2 ∕= 3 over a smooth quasi-projective base S. We assume that the monodromy group
Gmono(X/S) is connected. We consider the generalized André motive H+(X/S) over S, with
realization H+(X/S); by Theorem 6.12, we have a splitting of local systems of algebraic groups
Gmot(H+(X/S)) = MT(H+(X/S)) × P+(X/S) such that P+(Xs) = P+(X/S)s for all s ∈ S.
We choose a tensor construction T+(X/S) = H+(X/S)⊗a ⊗H+(X/S)∨,⊗b such that the sub-
space W+(Xs) ⊂ T+(Xs) of MT(H+(X/S))s-invariants is a faithful P+(Xs)-representation.
Since W+(Xs) is stable for the action of Gmot(H+(X/S))s, we obtain generalized André mo-
tives W+(X/S) ⊂ T +(X/S) over S, with realizations W+(X/S) ⊂ T+(X/S). For all s ∈ S we
have 〈H+(Xs)〉 = 〈W+(Xs),H2(Xs)〉.
Since the monodromy group is connected, by Theorem 2.8(i) the local system W+(X/S) is
constant. Now Theorem 2.6 implies that for any two points s0, s1 ∈ S we have an isomorphism of
motivesW+(Xs0)

∼= W+(Xs1). In fact, let 0 be any point of S and let D+ = W+(X0). Let D+/S
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be the constant generalized André motive over S with fibre D+, supported onto the constant
local system D+/S. Then the identity id : W+(X0) → (D+/S)0 is monodromy invariant and
motivated, and hence it extends to a global section ξ of the local system Hom(W+(X/S), D+/S)
such that ξs is the realization of an isomorphism of motives W+(Xs) ∼= D+

s , for any s ∈ S; hence,
we have 〈H+(Xs)〉 = 〈D+,H2(Xs)〉. Thanks to [80, §6.2], we can connect any two deformation
equivalent projective hyper-Kähler varieties with b2 ∕= 3 via finitely many families as above and
iterate the argument given.
(iii). Same argument as above. □

We can now prove that the defect group of any known projective hyper-Kähler variety is trivial.

Proof of Corollary 1.16. The second Betti numbers of known hyper-Kähler varieties are as fol-
lows: 22 for K3 surfaces [43]; 23 and 7 for varieties of K3[n]-type and of generalized Kummer type
respectively, see [12]; 24 for varieties of OG10-type and 8 for those of OG6-type, as computed by
Rapagnetta in [76] and [75]. Hence, the triviality of the defect group is a deformation invariant
property by Corollary 7.1. It is therefore enough to find in each of the known deformation classes
a representative whose defect group is trivial, or equivalently, whose André motive is abelian.
(i) For K3 surfaces, this is André [4, Théorème 0.6.3].

(ii) For the K3[n]-type, the motivic decomposition of de Cataldo–Migliorini [22], together with
the case of K3 surfaces (i), implies that the André motive of a Hilbert scheme of a K3 surface
is abelian.
(iii) For the generalized Kummer type, using the work of Cataldo–Migliorini [23] on semi-small
resolutions, a motivic decomposition for a generalized Kummer variety associated to an abelian
surface in terms of abelian motives was obtained in [91] and [34, Corollary 6.3].
(iv) For the O’Grady-6 deformation type, it follows from [61], as observed by Soldatenkov [80]:
in [61], some hyper-Kähler variety of this deformation type was constructed as the quotient of

some hyper-Kähler variety of K3[3]-type by a birational involution (with well-understood inde-
terminacy loci). One can then conclude by (ii).
(v) For O’Grady-10 deformation type, we use Corollary 4.7. □

7.2. Motivated Mumford–Tate conjecture. We first recall a strengthening of the Mumford–
Tate conjecture involving motivic Galois groups, see Moonen’s survey [62, §3.2] for details. In
the sequel, k is a finitely generated subfield of C, and ℓ is a prime number. Attached to a smooth
projective variety X defined over k, we have on the one hand the rational singular (Betti) co-
homology H∗

B(X) =
#

iH
i
B(X) :=

#
iH

i(Xan
C ,Q), naturally equipped with a Hodge structure,

and on the other hand the ℓ-adic étale cohomology H∗
ℓ (X) =

#
iH

i
ℓ(X) :=

#
iH

i
ét(Xk,Qℓ),

which is a continuous Qℓ-representation of Gal(k/k). These two cohomology theories provide
realization functors from AM(k), the category of André motives over Spec(k):

rB : AM(k) → HSpolQ ;

rℓ : AM(k) → RepQℓ

$
Gal(k/k)

%
.

Given a Galois representation σ : Gal(k/k) → GL(V ) on a Qℓ-vector space V , we let G(V )
denote the Qℓ-algebraic subgroup of GL(V ) which is the Zariski closure of the image of σ. This
algebraic group is not necessarily connected, but becomes so after a finite field extension of k. It
is not known to be reductive in general. The category of Qℓ-Galois representations is a neutral
tannakian abelian category, and the tannakian subcategory 〈V 〉 is equivalent to the category of
finite dimensional Qℓ-representations of G(V ).

These different realizations are related via Artin’s comparison theorem: for any M ∈ AM(k)
there is a canonical isomorphism of Qℓ-vector spaces γ : rB(M) ⊗Qℓ

∼= rℓ(M). This gives rise
to an isomorphism of Qℓ-algebraic groups γ : GL(rB(M)) ⊗ Qℓ

∼= GL(rℓ(M)), under which
Gmot(MC) ⊗ Qℓ is identified with Gmot,ℓ(Mk), where the latter is the motivic Galois group of
the tannakian category 〈Mk〉AM(k) with fiber functor rl composed with the forgetful functor.

The following conjecture is a motivic extension of the Mumford–Tate conjecture [66].



ON THE MOTIVE OF O’GRADY’S TEN-DIMENSIONAL HYPER-KÄHLER VARIETIES 29

Conjecture 7.3 (Motivated Mumford–Tate conjecture). The canonical isomorphism γ induces
identifications of Qℓ-algebraic groups

MT(rB(M))⊗Qℓ = Gmot(MC)⊗Qℓ
∼= Gmot,ℓ(Mk) = G(rℓ(M))0.

Remark 7.4. The first equality is the content of Conjecture 2.3 and the last equality is the
analogous statement saying that all Tate classes are motivated. The original statement of the
Mumford–Tate conjecture only predicts that under γ we have

MT(H∗
B(X))⊗Qℓ = G(H∗

ℓ (X))0,

for any smooth and projective variety X over k.

Let us define a hyper-Kähler variety over k to be a smooth projective variety X over k such that
XC is a hyper-Kähler variety. The following result confirms Conjecture 7.3 for the degree-2 part
of the motive of X, see Moonen [63] for some generalizations.

Theorem 7.5 (André [3]). Let X be a hyper-Kähler variety defined over k with b2 ∕= 3. Then
the motivated Mumford–Tate conjecture holds for the André motive H2(X).

LetX be as above. Then Gmot(H(Xk))
∼= Gmot(H(XC)) = MT(H∗

B(X))×P (X) by Theorem 6.9.

Proposition 7.6. If P+(X) is finite (resp. trivial), then the Mumford–Tate conjecture (resp. the
motivated Mumford–Tate conjecture) holds for the motive H+(X). If P (X) is finite (resp. triv-
ial), then the Mumford–Tate conjecture (resp. the motivated Mumford–Tate conjecture) holds for
the motive H(X).

Proof. Let us identify Gmot(Mk) ⊗Qℓ and Gmot,ℓ(Mk) using Artin’s comparison isomorphism.
Consider the following commutative diagram

MT(H+
B (X))⊗Qℓ Gmot(H+(Xk))

0 ⊗Qℓ G(H+
ℓ (X))0

MT(H2
B(X))⊗Qℓ Gmot(H2(Xk))⊗Qℓ G(H2

ℓ (X))0

∼=

∼=

∼= ∼=

The two horizontal morphisms on the bottom are isomorphisms due to Theorem 7.5, the vertical
map on the left is an isomorphism thanks to Proposition 6.4 and the top left arrow is an
isomorphism by Theorem 6.9 since P+(X) is finite by assumption. It follows that all arrows in
the diagram are isomorphisms, and so

G(H+
ℓ (X))0 ∼= Gmot(H+(Xk))

0 ⊗Qℓ
∼= MT(H+

B (X))⊗Qℓ.

If P+(X) is actually trivial, then Gmot(H+(Xk)) is connected, and we conclude that the moti-
vated Mumford–Tate conjecture holds for H+(X) in this case.

If the odd cohomology of X is trivial, we are done. Otherwise, assume that P (X) is finite, which
implies that also P+(X) is finite. We consider another commutative diagram

MT(H∗
B(X))⊗Qℓ Gmot(H(Xk))

0 ⊗Qℓ G(H∗
ℓ (X))0

MT(H+
B (X))⊗Qℓ Gmot(H+(Xk))

0 ⊗Qℓ G(H+
ℓ (X))0

∼=

∼

∼= ∼=

The horizontal arrows on the bottom are isomorphisms due to the above; the top left horizontal
map is an isomorphism by Theorem 6.9, since P (X) is finite by assumption, while the leftmost
vertical arrow is an isogeny due to Proposition 6.4. It follows that also the middle vertical arrow
is an isogeny. We deduce that Gmot(H(Xk))

0 ⊗ Qℓ and G(H∗
ℓ (X))0 are connected algebraic

groups of the same dimension over Qℓ. Hence, the inclusion

G(H∗
ℓ (X))0 ↩→ Gmot(H(Xk))

0 ⊗Qℓ

is an isomorphism. If P (X) is actually trivial, then Gmot(H(Xk)) is connected, and we conclude
that the motivated Mumford–Tate conjecture holds for the full André motive H(X). □
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Definition 7.7. Let k ⊂ C be a finitely generated field. Define Ck to be the tannakian subcate-
gory of AM(k) generated by the motives of all hyper-Kähler varieties whose associated complex
manifold is of one of the four known deformation types.

Remark 7.8. Note that this category contains already the motive of cubic fourfolds, as they are
motivated by their Fano varieties of lines (see for example [50]). Very likely, Ck also contains
the motive of some interesting Fano varieties whose cohomology is of K3-type, for instance,
Gushel–Mukai varieties [37] [65], Debarre–Voisin Fano varieties [26] and many more [31].

Theorem 7.9. The motivated Mumford–Tate conjecture holds for any motive M ∈ Ck. In
particular, for any smooth projective variety motivated by a product of projective hyper-Kähler
varieties of known deformation type, the Hodge conjecture and the Tate conjecture are equivalent.

Proof. By Commelin [21, Theorem 10.3], the subcategory of abelian André motives satisfying
the Mumford–Tate conjecture9 is a tannakian subcategory. Therefore, it suffices to check the
abelianity and the Mumford–Tate conjecture for the generators of Ck.
By Corollary 1.16 the defect group of any hyper-Kähler variety X of known deformation type is
trivial. Hence, the motive H(X) ∈ Ck is abelian by Corollary 6.11, and the motivated Mumford–
Tate conjecture holds for its André motive by Proposition 7.6. □

Remark 7.10. Thanks to [21], we can put even more generators in the category Ck to obtain new
evidence for the Mumford–Tate conjecture. Since the conjecture is known to hold for

(i) geometrically simple abelian varieties of prime dimension, by Tankeev [83],
(ii) abelian varieties of dimension g with trivial endomorphism ring over k such that 2g is

neither a k-th power for some odd k > 1 nor of the form
$
2k
k

%
for some odd k > 1, thanks

to Pink [74],

we deduce that the Mumford–Tate conjecture holds for any variety motivated by a product of
varieties in (i) and (ii) above and hyper-Kähler varieties of the known deformation types. See
Moonen [63] for more potential examples.

Appendix A. The Kuga–Satake category

Let V be a polarizable rational Hodge structure of K3-type, i.e. V is pure of weight 2 with
h2,0 = h0,2 = 1 and hp,q = 0 whenever p or q is negative. The Kuga–Satake construction
[28] produces an abelian variety KS(V ) closely related to V , which is defined up to isogeny.
This isogeny class is not unique, but the main point of this Appendix is to characterize the
tannakian subcategory of Hodge structures generated by this abelian variety, which we call the
Kuga–Satake category attached to V ,

KS(V ) := 〈H1(KS(V ))〉 ⊂ HSpolQ .

In the appendix, all the cohomology groups are with rational coefficients and the notation 〈−〉
means the generated tannakian subcategory inside HSpolQ , if not otherwise specified. We first
briefly review the classical construction.

A.1. The Kuga–Satake construction. Choose a polarization q of V , and consider the Clifford
algebra Cl(V, q). Deligne showed in [28] that there is a unique way to induce a weight-1 effective
Hodge structure on Cl(V, q), which is polarizable and therefore equals H1(KS(V )) for some
abelian variety KS(V ), well-defined up to isogeny. The key relation between V and KS(V ) is
the fact that the natural action of V on Cl(V, q) via left multiplication yields an embedding of
Hodge structures

V (1) ↩→ H1(KS(V ))⊗H1(KS(V ))∨.

9For abelian André motives, the Mumford–Tate conjecture is equivalent to its motivated version 7.3, thanks
to André’s result Theorem 2.4.
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Consider the weight cocharacters wV : Gm → GL(V ) and wKS(V ) : Gm → GL(H1(KS(V ))),

defined by wV (λ) = λ2 · id and wKS(λ) = λ · id respectively, for all λ; we have MT(V ) ⊂ wV (Gm) ·
SO(V, q) and MT(H1(KS(V ))) ⊂ wKS(Gm)·Spin(V, q), The inclusion 〈V 〉 ⊂ 〈H1(KS(V )) induces
a surjective morphism φ : MT(V ) → MT(H1(KS(V ))), which we claim is a double cover. Indeed,
there is a commutative diagram with exact rows

1 Spin(V, q) ∩MT(H1(KS(V ))) MT(H1(KS(V ))) Gm 1

1 SO(V, q) ∩MT(V ) MT(V ) Gm 1

φ′ φ ∼=

in which φ′ is the restriction of the double cover Spin(V, q) → SO(V, q), and the vertical map on
the right is an isomorphism due to the fact that wKS(−1) ∈ Spin(V, q).

Remark A.1. The above construction can be performed given any non-degenerate quadratic
form q on V such that the restriction of q ⊗ R to

$
H2,0(V ) ⊕ H0,2(V )

%
∩ (V ⊗ R) is positive

definite and q(σ) = 0 for any σ ∈ H2,0(V ), see [43, §4, Remark 2.3].

A.2. The Kuga–Satake category. Given a tannakian subcategory C ⊂ HSpolQ we denote by
Cev the full subcategory of C consisting of objects of even weight. The grading via weights
on C is given by a central cocharacter w : Gm,Q → MT(C). We let ι := w(−1); it acts as
−1 on any Hodge structure of odd weight in C and as the identity on Cev. This means that,
whenever C contains a Hodge structure of odd weight, the natural morphism of algebraic groups
MT(C) → MT(Cev) is an isogeny with kernel the order-2 cyclic group generated by ι.

Definition A.2. Let V be a polarizable Hodge structure of K3-type. A Kuga–Satake variety
for V is an abelian variety A such that 〈H1(A)〉ev = 〈V 〉.

Lemma A.3 (Equivalent definition). An abelian variety A is a Kuga–Satake variety for V if
and only if V ∈ 〈H1(A)〉 and the induced surjective morphism MT(H1(A)) → MT(V ) is an
isogeny of degree 2.

Proof. The only-if part is explained before. Conversely, assume that V ∈ 〈H1(A)〉 and that the
induced surjection MT(H1(A)) → MT(V ) is an isogeny of degree 2. Since V has even weight,
this morphism factors over MT(〈H1(A)〉ev) → MT(V ), and it follows that the the latter is an
isomorphism. Hence, 〈H1(A)〉ev = 〈V 〉. □

By Lemma A.3 and the discussion in §A.1, the abelian variety KS(V ) is a Kuga–Satake variety
for V in the sense of our Definition A.2. It is clear that Kuga–Satake varieties are not unique,
but the main observation of the appendix is that the corresponding Kuga–Satake category is so.

Theorem A.4. Let V be a polarizable Hodge structure of K3-type. Then there exists a unique

tannakian subcategory KS(V ) of HSpolQ such that

〈V 〉 = KS(V )ev ⊊ KS(V ).

If A is any Kuga–Satake variety for V , we have 〈H1(A)〉 = KS(V ).

Let us first prove the following straightforward lemma. Consider tannakian subcategories C ⊂ D

of HSpolQ . Assume that both contain some Hodge structure of odd weight. The inclusion of

C in D induces surjective homomorphisms of pro-algebraic groups q : MT(D) → MT(C) and
qev : MT(Dev) → MT(Cev). Let π denote the double cover MT(D) → MT(Dev).

Lemma A.5. In the above situation, the morphism π : MT(D) → MT(Dev) induces an isomor-
phism ker(q) ∼= ker(qev), and π−1(ker(qev)) = 〈ι〉 × ker(q).
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Proof. Consider the commutative diagram with exact rows

1 〈ι〉 MT(D) MT(Dev) 1

1 〈ι〉 MT(C) MT(Cev) 1.

∼= q

π

qev

The snake lemma implies the isomorphism ker(q) ∼= ker(qev). Moreover, since ι /∈ ker(q) by
assumption and it is central in MT(D), we have π−1(ker qev) = ι× ker(q). □

Proof of Theorem A.4. Assume given two tannakian subcategories D1,D2 ⊂ HSpolQ , both con-

taining some Hodge structure of odd weight and such that 〈V 〉 = Dev
i ⊊ Di for i = 1, 2. Let E

be the tannakian subcategory generated by D1 and D2. We have surjective morphisms of pro-
algebraic groups qi : MT(E) → MT(Di), i = 1, 2. We claim that these are both isomorphisms.
From the commutative diagram

MT(Eev) MT(Dev
1 )

MT(Dev
2 ) MT(V )

qev1

qev2 ∼=
∼=

it is apparent that ker(qev1 ) = ker(qev2 ). Lemma A.5 now implies that ker(q1) = ker(q2) in MT(E).
But this precisely means that the subcategories D1 and D2 of E coincide, and we conclude that
we have D1 = E = D2. □

Thanks to André’s Theorem 2.4, we can lift Theorem A.4 to the category of abelian André
motives.

Corollary A.6 (Motivic Kuga–Satake category). If M ∈ AM is an abelian André motive whose
Hodge realization is of K3-type, then there exists a unique tannakian subcategory KS(M) of AM
such that

〈M〉AM = KS(M)ev ⊊ KS(M).

Moreover, KS(M) = 〈H1(A)〉AM for any Kuga–Satake variety A (Definition A.2) for the Hodge
structure r(M).

The above discussion leads us naturally to the following question about relations among different
Kuga–Satake abelian varieties.

Question: Let A and B be abelian varieties such that 〈H1(A)〉 = 〈H1(B)〉 in HSpolQ . Does this

imply the existence of integers k, l, such that A is dominated by Bk and B is dominated by Al?
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9. Arend Bayer, Mart́ı Lahoz, Emanuele Macr̀ı, Paolo Stellari, and Xiaolei Zhao, Stability conditions on
Kuznetsov components, arXiv preprint (2017), https://arxiv.org/abs/1703.10839.

10. Arend Bayer and Emanuele Macr̀ı, MMP for moduli of sheaves on K3s via wall-crossing: nef and mov-
able cones, Lagrangian fibrations, Invent. Math. 198 (2014), no. 3, 505–590, https://doi.org/10.1007/

s00222-014-0501-8.
11. , Projectivity and birational geometry of Bridgeland moduli spaces, J. Amer. Math. Soc. 27 (2014),

no. 3, 707–752, https://doi.org/10.1090/S0894-0347-2014-00790-6.
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dimensional example, Compositio Mathematica 154 (2018), no. 5, 984–1013, https://doi.org/10.1112/

S0010437X1700803X.
62. Ben Moonen, Families of Motives and the Mumford-Tate Conjecture, Milan J. of Math. 85 (2017), no. 2,

257–307, https://doi.org/10.1007/s00032-017-0273-x.
63. , On the Tate and Mumford–Tate conjectures in codimension 1 for varieties with h2,0 = 1, Duke Math

J. 166 (2017), no. 4, 739–799, https://dx.doi.org/10.1215/00127094-3774386.
64. Shigeru Mukai, Symplectic structure of the moduli space of sheaves on an abelian or K3 surface, Invent. Math.

77 (1984), no. 1, 101–116, https://doi.org/10.1007/BF01389137.
65. , Biregular classification of Fano 3-folds and Fano manifolds of coindex 3, Proc. Nat. Acad. Sci. U.S.A.

86 (1989), no. 9, 3000–3002, https://doi.org/10.1073/pnas.86.9.3000.
66. David Mumford, Families of abelian varieties, Algebraic Groups and Discontinuous Subgroups (Proc. Sympos.

Pure Math., Boulder, Colo., 1965), Amer. Math. Soc., Providence, R.I., 1966, pp. 347–351.
67. Jacob Murre, On a conjectural filtration on the Chow groups of an algebraic variety. I. the general conjec-

tures and some examples, Indag. Math. (N.S.) 4 (1993), 177–188, https://doi.org/10.1016/0019-3577(93)
90038-Z.

68. Kieran O’Grady, Desingularized moduli spaces of sheaves on a K3, J. Reine Angew. Math. 512 (1999), 49–117,
https://doi.org/10.1515/crll.1999.056.

69. , A new six-dimensional irreducible symplectic variety, J. Algebraic Geom. 12 (2003), no. 3, 435–505,
https://doi.org/10.1090/S1056-3911-03-00323-0.

70. Kieran G. O’Grady, The weight-two Hodge structure of moduli spaces of sheaves on a K3 surface, J. Algebraic
Geom. 6 (1997), no. 4, 599–644.

https://arxiv.org/abs/1910.04440
https://doi.org/10.1007/s002220050280
https://doi.org/10.1007/BF01231898
https://doi.org/10.1007/s00222-005-0484-6
https://doi.org/10.1016/j.aim.2019.04.060
https://doi.org/10.1007/978-0-8176-4934-0_9
https://doi.org/10.1112/S0010437X18007091
https://doi.org/10.1007/s40316-016-0070-x
https://doi.org/10.1515/crelle-2014-0144
https://doi.org/10.1090/S1056-3911-06-00437-1
https://arxiv.org/abs/1802.01134
https://doi.org/10.1007/s002220050166
https://doi.org/10.1007/978-3-030-18638-8_6
http://dx.doi.org/10.1070/SM1968v006n04ABEH001070
https://epiga.episciences.org/6197
https://doi.org/10.1016/j.aim.2006.03.006
https://doi.org/10.1515/crll.2002.028
https://doi.org/10.1112/S0010437X1700803X
https://doi.org/10.1007/s00032-017-0273-x
https://dx.doi.org/10.1215/00127094-3774386
https://doi.org/10.1007/BF01389137
https://doi.org/10.1073/pnas.86.9.3000
https://doi.org/10.1016/0019-3577(93)90038-Z
https://doi.org/10.1515/crll.1999.056
https://doi.org/10.1090/S1056-3911-03-00323-0


ON THE MOTIVE OF O’GRADY’S TEN-DIMENSIONAL HYPER-KÄHLER VARIETIES 35
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