Math 19, Summer 2009 Practice Final Solutions August 9, 2009

PRACTICE FINAL SOLUTIONS

1. True/False Questions. No explanation is needed.

(1) If f'(x) <0 for 1 <z < 6, then f(x) is decreasing on (1,6).
(2) If f(z) has an local minimum value at x = ¢, then f'(¢) = 0.
(3) f'(x) has the same domain as f(x).
(4)
()

4) If both f(x) and g(x) are differentiable, then (%(f(x)g(x)) = af(a:) - —g(x).

5) A function has at most two vertical asymptotes.
Solution.

(1) True. f'(z) < 0 means f(z) is decreasing.

(2) False. It’s possible that f’(c) does not exist. Example: f(z) = |z| and ¢ = 0.

(3) False. The domain of f’(x) can be smaller than the domain of f(x). Example: f(z) =
|z

(4) False. iL(fg()) = Lg(z) + L2 f(x).

(5) False. The function tan z has infinitely many vertical asymptotes.

2. Find the following limits, or explain why one does not exist. If the limit involves infinity,
explain whether it is oo or —oo.

COS T

1 1
(3) lim (—— , )
—0t \ X Sinx

(4) lim(e” + x)%

Tr—
Solution.

(1) lim s of the type o+ therefore it’s oo.

r—0t X
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2 —6 g YT =6 , 1- V1
lim = lim v = lim —=——=1
(3)
. 1 1 . sinx—=z . 0
lim | — — — = lim —— plug in z = 00 = —
z—0+ \x  sinzx z—0t xsinw 0
I cosr — 1 lue | N
= lim —mM8M ugin r = o0 = —
L z—0t sinx + x cosx P& 0
. —sinx
= lim -
L 2—0+t COST — X SINZT + COS T
0
=— = 0
1
(4) Because (e® + x)% = e (") e first compute
1 In (e* (et +1) 2
b L o (¢ 4 2) = tim D)y @D 2
z—0 x—0 x L z—0 1 1

Then the answer is e2.

()

() = — =2 —9) — Bn(r+3)— Sn (x4 1)
nh(z) =In =3In(z*—2)—-5In(x ——In(x .
(x+3)5Vx+1 2
Differentiate both side with respect to x, we get
1 2x 1 1 1
—N(x)=3 -5 - =
h(z) (z) 2?2 —-2 x+4+3 2z4+2

oo 21 111
W(w) =h(z) <3x2—2_5x+3_23¢—|—2>

(a2 =2) 6 5 1
C(z43P8Vr+1\22—2 x+3 2244

3. Compute the following derivatives, using any method you like.

(1) f(z) =727 +/1—V1—at

(2) g(z) = e® - (Tz* + arcsin z?)
(z* —2)°

(z+3)°Vz+1

(4) k(t) = cos(tt)

(3) h(x) =

Solution.
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(1)

1
fl(z) =r*"".2In7 + (1—v1—2a*)
2\/(1 — VT2
3
=r*"T. 2lnnw + ! i =
2\/(1 IVl
3
T

=2"T. 2ln7w +

V- vI— a1 - at)

(2)
g () = *(72* + arcsin %) + e*(14z + 2—96)
V1—zt
(3)
(z* —2)° 2 1
Inh(x) =In =3ln(z"—2)—5ln(z+3)—=In(x+1).
(@) = e =3 = 2) 5l +8) — St D
Differentiate both side with respect to x, we get
1 2x 1 1 1
—h'(z)=3 -5 — =
h(z) (z) x?—2 r+3 2x+2
2x 1 1 1
h(x) =h 3 -5 - =
(z) (x)<x2—2 r+3 23:—|—2)
(a2 =2) 6 5 1
C(x+3PVr+1\a2—2 x+3 2r+4
(4) o
K'(t) = —sin(tt) - (t7)".
Let
1
y=tr,
then we have
Int
lny = T
Differentiate both sides, we have
y  1—Int
y
Therefore
’ 1 1 - lnt
So -
.1y 1 1T —Int
K'(t) = —sin(tr) -t - T
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4. Answer the following questions.

(1) Complete the definition: a function f(z) is differentiable at = = a if
(2) Consider the function

?sin(L), if 2 #0;
0, if v =0.

Use the above definition to decide whether f(x) is differentiable at x = 0.

Solution.
(1) A function f(z) is differentiable at = = a if }llirr(l) flat h})L — /(@) exists.
. f(04+h)—f0) . hPsin(3)-0 ., 1
-

Because —1 < sin(3) < 1, —h* < h?sin(3) < h% The limits on both sides

lim —h? = 0 = lim h%.
h—0 h—0

1
The squeeze theorem imples lim h? sin(ﬁ) = 0, in particular the limit exists. Therefore

h—0

f(z) is differentiable at x = 0.

5. Answer the following questions.

(1) Give a precise statement of the Intermediate Value Theorem.
(2) Use the Intermediate Value Theorem to show that there exists a solution to the equation

-
nr=sm/|—-x
2

on the interval (0, c0).
Solution.

(1) Please find it on page 120 in text.
(2) Let
LT
f(z) =Inxz —sin <§x> :
Note that both Inz and sin (gx) are continuous functions, so f(z) is also a continuous
function. To use the Intermediate Value Theorem to prove the equation has a solution,
we just need to find two numbers a and b in the interval (0, 00), such that f(a) and f(b)
have different signs.
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There are many different choices for a and b. The following is a possible way. Note
that

f(l):lnl—sin(g) —0-1=-1<0,
and

fe?) :1n€2—Sin<g62) :2—sin<g62) >2—-1=1>0.

Therefore, if we apply the Intermediate Value Theorem to the function f(z) on the
closed interval [1,€?], we can conclude that there exists a number ¢ between 1 and e,

such that f(c) = 0, that is,
T
Inc = sin <—c>
2

as desired.

6. Answer the following questions.

(1) Give a precise statement of the Mean Value Theorem.
(2) Let f be a differentiable function such that f(0) = 0 and f’(z) < 1 for all x. Use the
Mean Value Theorem to show that f(2) # 3.

Solution.

(1) Please find on page 272 in text.
(2) Suppose f(2) = 3, by the Mean Value Theorem we know there is a ¢ in (0, 2) satisfies

po=1A-10 3

This contradicts the fact that f'(z) <1 for all z. Thus f(2) # 3.

7. The equation z%y? + xy = 2 describe a curve in the xy-plane.

(1) Find an expression for d—y
x

(2) Find the equation of the line tangent to the curve at the point (—1,2).

(3) Find the coordinates (x,y) of all points on the curve where the tangent line is parallel
to the line z +y = 1.

Solution.
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(1) Use implicit differentiation, we differentiate both sides of the equation with respect to

.
v oy =2 = 20y + 222y +y+ay =0
—2zy° —y
= o' (247 — Py y = Y Y
Y (22°y + ) WoysY = 5a T
(2) At (—=1,2) ¥ = %5 = 2. The equation of the tangent line is

y—2=2@x+1)=>y=20+4
(3) Because the slope of 4y = 1is —1, if a tangent line is parallel to z+y = 1 the tangent
line also has slope -1.
okt —y
222y + x
=yRry+1)=22zxy+1)= (z—y)2zy+1) =0

=2yt +y=22%+z

Thus either zy = 2 orz =y. foy = -1 2% + 2y = (1) — 1 = —1 # 2 which is

impossible, which means # = y. Plug in x = y into 2%y + 2y = 2,
ttrt=2=2"+2"—2=0=(2*+2)(2* - 1) =0=2"=1
because 7% + 2 > 0. Therefore the answer is (1,1) and (—1, —1).

wlro

8. Consider the function f(z) = 3.

(1) Find the linear approximation of the function f(z) at the point a = 8; that is, find the
linear function L(z) that best approximate f(z) for values of = near 8.

(2) Use the above linear approximation to estimate (8.04)3. Is your approximation an
overestimate or an underestimate of the actual value? Explain fully.

Solution.
(1) Since
flz) =3,
we have ,
£(8) =8t =4
Since
fla) = 2a
3 )
we have 5 5 1 )
/ — -3 —_— —_ - = =
F®)=38"=335=3
Thus,
, 1
L(x) = f(8) + f'(8) - (v — 8) =4+§(£If—8)
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(2) (8.04)3 is f(8.04). Since 8.04 is near 8, we can say
1 1
J(8.04) = L(8.04) = 4+ 2(8.04 — 8) =4+ £ - 0.04 ~ 4.013.

fa)=+ - <—§) s

we know that the graph of f(x) is concave down when z is near 8. Therefore the tangent
line lies above the graph, so that the values of L(z) will be overestimates of the values

of f(x).

Since

IS

< 0,

9. Consider the function f(z) = z3(z — 8)2.

(1) Find all critical numbers of f.
(2) Find the absolute maximum and minimum values of f on the interval [—1, §].

Solution.

(1) We first find the derivative function.

f'(z) = %xg(a: —8)* + e 2(z — 8)

(x —8)* + 6x(x —8)
323
(x — 8)(7Tx — 8)
323

The critical numbers are the numbers at which f’(x) equals 0 or undefined. Therefore

all critical numbers are x = 8,2 = -,z = 0.

7
(2) To find the absolute maximum and minimum values of f on the interval [—1, 8], we use

the closed interval method. We need to compute the values of f at all critical numbers

8
and endpoints, which are —1, 0, = 8.
J(=1) = (~1)3(~-1-8)* = (~1) - 81 = —8L;
f(0) =0;
8 8\ /8 .\
- =1z -—8 >0
1(3)-G) (-9 e
f(8) = 0.
Therefore the absolute minimum value is f(—1) = —81, and the absolute maximum
1 2
3
value is f (%) = (;) (; — 8) . (You don’t have to simplify your answer.)
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$2

10. Consider the function f(z) = — T
l’ —

(1) Find the domain and zeroes of f(z).

(2) Find all horizontal and vertical asymptotes of f(x). Justify your answer by limit com-
putations.

(3) Find f'(z) and f”(x), using any method you like.

(4) Find the intervals of increase and decrease.

(5) Find all local maximum and local minimum values.

(6) Find the intervals of concavity and all inflection points.

(7)

7) Use the information from all above parts to sketch the graph of f(z).

Solution.

(1) Domain is (—oo,—1) U (—=1,1) U (1,00) (you can also say all real numbers except —1
and 1). Zeroes are the numbers at which f(z) = 0. The only such number is z = 0.
(2) To find the horizontal asymptotes, we have

lim f(z) =1 : li ! ! 1
11m r) = 1m 111 = =
and
- 1 1
li = lim ——— = li = = 1.
N N R W s e

So the only horizontal asymptote is y = 1.

The possible candidates of vertical asymptotes are zeroes of the denominator, i.e.,
x = —1 and z = 1. We use the one-sided limits to verify they are indeed vertical
asymptotes. When z approaches —1 from the left side, 22 approaches 1 from the right
side and 22 — 1 approaches 0 from the right side, so

2

x
lim — = 00.
z——1- 2% —1
Similarly, we have
22
lim = —00;
z——1+ 22 — 1
2
lim = —0Q;
a—1- 12 — 1 ’
2
lim = 00.
a—1t 22 — 1
The limits all involve infinity, so = —1 and x = 1 are vertical asymptotes.
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(3)

(4)

(7)

We have
) o 2e(a®—1)—a2*(2z) 2z
fiz) = (22 — 1) - (22 — 1)2’
oy (52 —-1)% - (=27) - 2(2? — 1)(22)
f (l‘) - (xg _ 1)4

o 2(2 = 1)+ 8% (2 - 1)
i} @1y
. 2(z*— 1)+ 8
GRS
B 622 + 2
G

The numbers at which the derivative function f’(z) is equal to 0 or undefined are —1, 0
and 1. So we need to consider the sign of f’(z) on the four intervals (—oo, —1), (—1,0),
(0,1) and (1,00). On the first two intervals (—oo,—1) and (—1,0), the numerator
—2z > 0 and the denominator (z% — 1)? > 0, so f/(x) > 0. On the last two intervals
(0,1) and (1,00), the numerator —2x < 0 and the denominator (z* — 1)* > 0, so
f'(z) <0.

In summary, f is increasing on intervals (—oo, —1) and (—1,0), and decreasing on
intervals (0,1) and (1, 00).
First we need to find all critical numbers which are in the domain of the function. In
part (d) we see that the numbers at which f’(x) is equal to 0 or undefined are —1, 0
and 1. However —1 and 1 are not in the domain of f. So the only critical number is
0. We also know from part (d) that f(z) is increasing when x is to the left of 0 and
decreasing when x is to the right of 0. By First Derivative Test, the function has a local
maximum at x = 0. The corresponding local maximum value is

0

= ——=0.
0—-1

y = [(0)

To find the intervals of concavity we need to analyze the sign of f”(x). Note that the
numerator in f”(x) is 62 + 2 which is always positive. So the points at which f”(z)
could possibly change its sign are the zeroes of the denominator, which are —1 and 1.
So we need to look at the sign of f”(x) on three intervals (—oo,—1), (—1,1) and (1, 00).
On intervals (—oo, —1) and (1, 00), the denominator (z? —1)* > 0, so f”(z) > 0. On
the interval (—1,1), the denominator (z* — 1) < 0, so f"(x) < 0.

In summary, f is concave up on intervals (—oo, —1) and (1,00), and concave down
on the interval (—1,1).

The function f doesn’t have any inflection points because neither —1 nor 1 is in the
domain of f.
The graph is as follows.
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11. Harry Potter, a 5-foot-tall man, notices a small UFO on the ground, located 40 feet
from where he stands in a flat field. The UFO suddenly begins a rapid vertical ascent, at a rate
of 10 feet per second. Throughout the ascent, a bright light on the ship illuminates the entire
field below, casting a shadow of Harry onto the ground. What is the rate of change of the length
of Harry’s shadwo exactly three seconds after the UFO has taken off? (Hint: at any moment,
the head of Harry’s shadow is always located on the ground, and on the line determined by the

UFO’s light and Harry’s head.)

Solution. Please refer to the last page for a picture illustrating the situation.

In the picture, we use z for the length of the shadow at a given moment, and y for the height

of the UFO.
By similar triangles, we have
r D
04z vy
so that
ry = 5(40 + x).
Differentiating with respect to time, we find

d

Sla) = S 6010 +2)),

T dt
dx dy dx

When 3 seconds has passed, we have y = 30, so that
30x = 5(40 + x),

d
so x = 8. Also we know d—i{ = 10. Thus, at our moment of interest, we have

dx dx
30— +8-10=5—
dt * dt’
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so that

dx
25— = —80
dt ’

d 80
d_f — ~or feet /second.

80
That is, Harry’s shadow is decreasing in length at a rate of %5 feet /second.

12. In the xy-plane, any negatively-sloped line that passes through the point (2,3) will
form a right triangle with the z-axis and y-axis in the first quadrant. Among all possible such
lines (negative slope, passing through (2,3)), find the equation of the line that forms a triangle
of minimal area. Justify completely.

Solution. Please refer to the last page for a picture illustrating the situation.

The line with slope m through (2,3) has an equation
y—3=m(x—2).

1
The triangle it cuts off has area iab, where a is the x-intercept and b is the y-intercept. That
is, a satisfies
0—3=m(a—2),

a=2——;
m

and b satisfies
b—3=m(0—2),
b=3—-2m.

Thus, in terms of slope m, the quantity (m) we wish to minimize is

1
Q(m) = areazéab

_ %(2—%) (3 — 2m)

1 9
= —(6———4m+6)
2 m

9
= 6—2m— —
" 2m
where the domain for Q(m) is m < 0, that is, the open interval (—oo,0). To find the critical
numbers of ), we find

, 9
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Note that @’ is never undefined on the domain (—o00,0). So we are left with @)’ = 0,

9
-2+ —=0
+2m2 ’
9
2—_
m—4,
m:i-§,
2

3
though only m = —3 is in the domain (—o0,0).

We can use the Second Derivative Test for Absolute Extrema. Since
9 9
" . -3\ _
Qm) = 5 - (~2m™) ==,
3
we have that Q”(m) > 0 for all m < 0, and thus the single critical number m = —3 is a point

of absolute minimum for ) on this domain. The corresponding line is
3
—3=—=(x—2).
y 5@ —2)

(Triangle area is

though that was not asked for.)
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